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a  b  s  t  r  a  c  t

This  paper  deals  with  time-optimal  operation  of batch  diafiltration  processes  in  the presence  of  mem-
brane  fouling.  Fouling  causes  a decrease  in the  effective  membrane  area  and,  hence,  an  increase  in
processing  time.  In  this  work  we  study  a  time-optimal  operation  with  several  fouling  models  avail-
able  in literature.  Pontryagin’s  minimum  principle  is  applied  to characterize  the structure  of  the  optimal
operation  which  voids  any further  on-line  optimization.  Due  to  the  specific  structure  of  the  problem,  it  is
eywords:
ptimal control
embrane fouling

ontryagin’s minimum principle
iafiltration

possible,  in  several  problem  setups,  to derive  and verify  an  explicit  analytic  solution.  Obtained  results  are
applied  in case  studies  where  we provide  a  comparison  between  traditional  operation  and  the  proposed
time-optimal  operation.  In  cases,  where  the  optimal  operation  cannot  be  identified  analytically,  we ana-
lyze  the performance  of  sub-optimal  control  derived  from  neighboring  analytical  solution  and  compare
it to  optimal  operation  found  via  numerical  optimization  techniques.

©  2016  Elsevier  Ltd. All  rights  reserved.
. Introduction

Diafiltration (DF) membrane processes separate solutes in a
olution based on differences in molecular size. Membranes retain
igh molecular weight components and let low molecular weight
omponents pass through. These processes have found a wide range
f applications. In food industry they are used for fruit juice clar-
fication (Yazdanshenas et al., 2005). In pharmaceutical industry
he membrane separation is used for different aims like albumin
roduction from human blood (Aspelund and Glatz, 2010) and anti
ody preparation (Luo et al., 2004). Biotechnological industries use
embrane processes for enzyme concentration and the removal of

mpurities like peptides and salts (Li et al., 2006).
One of main issues in membrane separation is membrane foul-

ng. It causes a decrease in effective membrane area due to the
eposit of the solutes in or on the membrane pores. This results

n an increase of the processing time to reach the desired purifi-
ation goal. Moreover, the fouled membrane needs to be cleaned
r replaced (Luján-Facundo et al., 2015) which further increases

he operational costs. For these reasons modeling of the fouling
ehavior has gained importance. The pioneering work of Hermia
1982) presented a unified fouling model describing this behavior

∗ Corresponding author.
E-mail address: martin.jelemensky@stuba.sk (M.  Jelemenský).

ttp://dx.doi.org/10.1016/j.compchemeng.2016.04.018
098-1354/© 2016 Elsevier Ltd. All rights reserved.
from which four standard fouling models can be derived. These
express the decrease in effective membrane area (Bolton et al.,
2006) or the permeate flux (Vela et al., 2008). These models have,
however, an empirical character so they have to be tailored to the
application at hand by conducting experiments and by subsequent
model discrimination and identification of the model parameters.
In Charfi et al. (2012) the authors showed that numerical optimiza-
tion techniques can be employed to predict types of the fouling
mechanism using experimental data. Advanced method based on
on-line estimation of the fouling using Kalman filter was discussed
in Jelemenský et al. (2016).

In this paper we consider a batch diafiltration process, which
operates under constant pressure and temperature. Diafiltration
processes use a solute-free solvent (diluant e.g. water) to control
the process via influencing the concentrations of solutes. Ng et al.
(1976) derived conditions of optimal switching concentration for a
standard, yet simple, DF process. Foley (1999) proposed to optimize
switching times in the arbitrarily chosen sequence of the traditional
control modes such as concentration mode or constant-volume
diafiltration. Therein it was  also shown that different control strate-
gies of diluant addition can result in time-optimal operation or
minimal diluant consumption. Procedures based on numerical
optimization have been investigated in Takači et al. (2009) and
Fikar et al. (2010), where numerical methods like control vector

parametrization and orthogonal collocation were used to compute
the optimal solution through approximation of control and state
trajectories. These methods can be applied for arbitrary optimal

dx.doi.org/10.1016/j.compchemeng.2016.04.018
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2016.04.018&domain=pdf
mailto:martin.jelemensky@stuba.sk
dx.doi.org/10.1016/j.compchemeng.2016.04.018


344 M. Jelemenský et al. / Computers and Chem

List of symbols

A membrane area (m2)
c1 concentration of macro-solute – product (mol/m3)
c2 concentration of the first micro-solute – impurity

(mol/m3)
H Hamiltonian function
J  permeate flux (m/h)
J0 permeate flux of unfouled membrane (m/s)
k mass transfer coefficient (m/h)
Kg cake-layer formation constant (s/m2)
Ki intermediate fouling constant (1/m)
Ks standard (internal) fouling constant (1/m1/2/s1/2)
Kc complete fouling constant (1/s)
q permeate flow (m3/h)
t operation time (h)
tf processing time (h)
V volume in feed tank (m3)
R rejection coefficient
S singular surface

Greek symbols
˛  proportionality factor of diluant flow to permeate

flow
�i ith adjoint variable

Subscripts
0 initial
f final

Abbreviations
C concentration (mode)
CVD constant-volume diafiltration
D dilution (mode)
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where cp,i stands for the concentration of the ith species in the
permeate.
ontrol problem. Another way to solve it is to employ analyti-
al methods. The advantage of analytical methods compared to
umerical is the exact solution without any approximation. A fully
nalytical solution for optimal membrane operation without foul-
ng was derived in Paulen et al. (2012) for arbitrarily initial and
nal conditions (e.g. concentrations). In Jelemenský et al. (2014)
reliminary results on time-optimal operation in the presence of
embrane fouling have been published. A combination of numeri-

al and analytical methods was used to compute the optimal control
rofiles.

In this paper we extend the work published in Jelemenský et al.
2015) and we investigate the time-optimal operation of a diafil-
ration process in the presence of membrane fouling. Pontryagin’s

inimum principle is applied to derive the analytical optimal oper-
tion in the presence of membrane fouling and to deduce the
tructure of the optimal solution. We  assume an explicit depend-
ncy of permeate flux on processing time as proposed by Vela et al.
2008).

The main novelty of this paper is the complete characterization
f the time-optimal operation of a diafiltration process in the pres-
nce of membrane fouling. There are no restrictions to the specific
orm of a fouling model or mechanism. We  only assume the func-
ional dependency of fouling on the operation time. The resulting
ptimal operation derived in this paper is given by simple rules and
voids any on-line optimization. We  also show that if the optimal

peration cannot be obtained analytically a neighboring analytical
olution, with sub-optimal performance, gives similar results to the
ime-optimal operation.
ical Engineering 91 (2016) 343–351

The paper is organized as follows. In the next section, the process
description and model are presented. In Section 3 detailed analysis
of membrane fouling and modeling of fouling behavior is described.
Section 4.1 defines the overall optimization problem. Section 4.2
gives the main theoretical contributions of the paper. Optimal oper-
ation of diafiltration processes in the presence of membrane fouling
is derived. Finally, simulation studies are provided in Section 5 to
discuss and analyze the proposed solution.

2. Process description and modeling

We  study a generalized batch diafiltration process shown in
Fig. 1. The process operates under constant pressure and tem-
perature. The batch diafiltration process consists of a feed tank
and a membrane. The process solution containing a solvent and
two solutes (macro- and micro-solute) is brought from the feed
tank to the membrane. The stream which is rejected by the mem-
brane (retentate) is taken back into the feed tank. The permeate
stream leaves the system at a given flow-rate q = AJ, where A rep-
resents the membrane area and J is the permeate flux subjected to
unit membrane area. The permeate stream is often a function of
both concentrations. In addition, it is also a function of time as it
decreases when fouling occurs.

Process control is achieved by adjusting the flow-rate of the
solute-free solvent (diluant) into the feed tank. The control vari-
able is denoted by  ̨ and it is defined as a ratio between the inflow
of the diluant and the permeate flow-rate q. There are several com-
monly used control modes such as concentration mode (C) with

 ̨ = 0, constant-volume diafiltration (CVD) with  ̨ = 1, and dilution
(D) where  ̨ =∞. The dilution mode is characterized by a certain
amount of diluant added instantaneously into the feed tank. Tra-
ditional operation strategies used in the industry then consist of
sequences of the individual control modes (e.g. C-CVD).

Mass balances can be used to obtain the process model. The
balance of each solute can be written as (Kovács et al., 2009)

dci

dt
= ciq

V
(Ri − ˛), ci(0) = ci,0, i = 1, 2, . . . (1)

where V is the feed tank volume at time t and i = 1, 2 denotes
the macro-solute and micro-solute, respectively. Ri is the so-called
observed (measured) rejection coefficient. The rejection coefficient
is a dimensionless number between 0 and 1 that measures the
ability of the membrane to retain the ith species. It is defined as

R = 1 − cp,i
, (2)
Fig. 1. Schematic representation of a generalized diafiltration process.
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The total mass balance can be written as

dV

dt
= u − q = (  ̨ − 1)AJ, V(0) = V0, (3)

ith V0 being the initial volume of the processed solution.

.1. Modeling with perfect macro-solute rejection

Rejection coefficients Ri can be functions of both concentrations.
he special, yet industrially relevant, case assumes that R1 = 1 and
2 = R2(c1, c2). This means that the membrane is absolutely imper-
eable for the macro-solute and permeability of micro-solute is a

unction of both concentrations. Therefore, the macro-solute will
e completely rejected by the membrane and concentrated in the
eed tank.

As the rejection of the macro-solute is perfect, its total mass in
he system is constant. Thus, c1(t)V(t) = c1,0V0 and the differential
quation (3) can be omitted. The model is then of the form

dc1

dt
= c2

1
AJ

c1,0V0
(1 − ˛), c1(0) = c1,0, (4)

dc2

dt
= c1c2

AJ

c1,0V0
(R2 − ˛), c2(0) = c2,0. (5)

. Membrane fouling

Membrane fouling belongs to one of the main obstacles in the
embrane separation processes. The main cause of the mem-

rane fouling is the deposit of the solutes in/on the membrane
ores. As a consequence, a decrease of the effective membrane area
ccurs. The membrane fouling depends on several factors. It is more
ronounced when strong concentration (gel) polarization effects
ccur. During filtration, retained macro-solutes form a so-called gel
ayer over the surface of the membrane (Baker, 2012). This increases
he likeliness of the macro-solute particles to interact with the
urface of the membrane and to block its pores. The precise mech-
nisms of such interaction are introduced below. Additionally the
actors that influence the membrane fouling, both quantitatively
nd qualitatively, are represented by feed properties, membrane
aterial, temperature, and pressure (Zhao et al., 2000).
Hence, the inevitable phenomenon of membrane fouling results

n the decrease of permeate flow. As the consequence of the
ecrease of the permeate flow the overall processing time

ncreases. Moreover, once the membrane becomes significantly
ouled cleaning has to be performed. Also if the cleaning is insuffi-
ient the membrane has to be replaced. All this leads to an increase
f operational costs.

Modeling of fouling became highly important in the past years.
n Hermia (1982) a unified fouling model for dead-end filtration
ystems was derived in terms of total permeate flux and time and
eads as

d2t

dV2
p

= K

(
dt

dVp

)n

, (6)

here Vp represents the permeate volume, t is time, and K is the
ouling rate constant. Four classical fouling models are character-
zed by different values of n. We  recognize cake filtration (n = 0),
ntermediate blocking (n = 1), standard (internal) blocking (n = 3/2),
nd complete pore blocking (n = 2) models. The corresponding dif-
erential equation for permeate flux can then be derived as (Bolton
t al., 2006; Vela et al., 2008)
dJ

dt
= −KA2−nJ3−n. (7)

f n, K, A are considered constant, this differential equation can be
olved to give an explicit solution J(t, n, K, A, J0) where J0 represents
Fig. 2. Graphical representation of the four classical fouling models developed by
Hermia.

initial flux at time t = 0. It can happen that the fouling parameters are
not constant or that different fouling phenomena occurs in parallel
or in series. For this reason, it is crucial to determine on-line or off-
line both the fouling rate and the fouling model. In our recent study
(Sharma et al., 2016) we  assumed constant area and estimated the
fouling model and the fouling rate constants. Another approach was
studied in Jelemenský et al. (2014), where the fouling considered
effective membrane area decrease in time due to deposit of the
solutes.

To apply this model to cross-flow systems considered in this
study, we propose to substitute the initial flux J0(t = 0) by the
unfouled flux J0(c1, c2) that depends on actual concentrations. This
will make it possible to unify procedures and results for systems
with and without fouling.

Fig. 2 shows graphical representation of the individual fouling
mechanisms, i.e. complete blocking model (Fig. 2(a)), intermediate
blocking model (Fig. 2(b)), cake filtration model (Fig. 2(c)) and the
internal blocking model (Fig. 2(d)). These models differ in the way
the molecules deposit in/on the membrane.

3.1. Complete pore blocking model

Complete pore blocking model considers that solutes which are
brought to the membrane surface will seal the membrane pores
(Fig. 2(a)). Flow through such pores is no longer possible. The
molecules which deposit on the membrane surface are larger than
the membrane pores. The model can be derived from (6) after
setting the parameter n = 2. The model is expressed in terms of
permeate flux versus time and is of the form

ln J = ln J0 − Kct, (8)

where J is the permeate flux subject to unit area in m/s, J0 is the per-
meate flux of unfouled membrane and Kc = K represents the fouling
rate constant in 1/s. We  can notice that the fouling rate does not
depend on the membrane area.

3.2. Intermediate blocking model

The intermediate pore blocking model again assumes that all
solutes brought to the membrane surface will block the membrane
pores. However, in this case the solutes can deposit on each others
as illustrated in Fig. 2(d). The parameter n is equal to 1 and the
permeate flux is of the form

1
J

= 1
J0

+ Kit, (9)
with Ki = KA being the fouling rate constant in 1/m. In this case the
fouling rate constant is a linear function of the membrane area.
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.3. Cake filtration model

The fouling according to this model is caused by deposition
f solutes on the surface of the membrane. The process repeats
tself, that is with each cycle the solutes keep depositing over
he previously deposited solutes and this results in formation of a

ulti-layered cake of solutes, as it is shown in Fig. 2(c). The param-
ter n in this case is equal to 0 and the permeate flux is of the
orm

1
J2

= 1

J2
0

+ Kgt, (10)

here Kg = 2KA2 is the fouling constant with the unit s/m2.

.4. Internal blocking model

On the contrary to previous fouling models discussed, this model
efines fouling internally. The model describes that the solutes

nstead of depositing on the surface of the membrane, are small
nough to clog the pores of the membrane. The phenomenon
esults in the reduction of pore diameter and hence in a decrease
f the permeate flux. The parameter n is equal to 3/2 and the flux
s of the form

1√
J

= 1√
J0

+ Kst (11)

here Ks = 1
2 KA1/2 is the fouling rate constant in 1/m1/2/s1/2.

. Optimal operation

.1. Problem definition

The optimization goal is to find such time-dependent function
(t) which guarantees the transition from given initial to final con-
entrations in minimum time. We  assume that the membrane is
bsolutely impermeable to macro-solute (R1 = 1), the permeabil-
ty of micro-solute changes as a function of concentrations, and
s expressed using rejection coefficient R2 = R2(c1, c2). Finally, we
ssume that the unfouled flux is a known function of both concen-
rations J0(c1, c2) and the fouling model of the flux J is given. The
ptimization problem then reads as:

∗ = min
˛(t)

∫ tf

0

1 dt, (12a)

s.t.

ċ1 = c2
1

AJ

c1,0V0
(1 − ˛), c1(0) = c1,0,

(12b)

˙ 2 = c1c2
AJ

c1,0V0
(R2 − ˛), c2(0) = c2,0, (12c)

1(tf) = c1,f, (12d)

2(tf) = c2,f, (12e)

 = J(t, J0(c1, c2), K, n), (12f)

 ∈ [0,  ∞). (12g)

e note that the optimization problem for a generalized diafiltra-
ion setup (R1 = R1(c1, c2)) possesses a similar structure where the
qs. (12b) and (12c) are replaced with Eqs. (1) for i = 1, 2 and (3).

.2. Characterization of the optimal operation
We  use Pontryagin’s minimum principle (PMP) (Pontryagin
t al., 1962; Bryson and Ho, 1975; Srinivasan et al., 2003) to identify
he candidates for optimal control described by Eq. (12). A care has
ical Engineering 91 (2016) 343–351

to be taken as the process model depends explicitly on time, thus
the problem is non-autonomous.

There are two possible approaches to handle optimal control
of non-autonomous systems. The first approach considers time
explicitly in the process model. Then, the optimal Hamiltonian
function is zero only at final time. Therefore, there are two variables
(concentrations) and PMP  has to supply two equations for optimal-
ity. The second approach adds an additional state variable ẋa = 1
with initial condition xa(0) = 0 and replaces t with xa. Therefore, the
new problem is autonomous with increased number of variables.
In this case, Hamiltonian function is zero along the optimal trajec-
tory and this fact can be used to provide additional conditions for
finding an optimal solution.

Our derivation will use the first approach. Let us define the state
vector x = (c1, c2)T and rewrite the process differential equations as
affine functions of control ˛

ẋ = f (t, x) + g(t, x)˛, (13)

The Hamiltonian function can then be constructed as

H(t, x, �, ˛)=1+f T (t, x)� + gT (t, x)�  ̨ = H0(t, x, �) + H˛(t, x, �)˛,

(14)

where � = (�1, �2)T is the vector of adjoint variables defined from

�̇ = −∂H

∂x
= −(f x + gx˛)�, (15)

where

f x(t, x) = ∂f T (t, x)
∂x

,  gx(t, x) = ∂gT (t, x)
∂x

.  (16)

Since the Hamiltonian is affine in ˛, its minimum is attained with
 ̨ on its boundaries as follows

 ̨ =
{

0 if H˛ > 0,

∞ if H˛ < 0.
(17)

If the Hamiltonian is singular in ˛, the singular case is characterized
by equations H˛ = 0, Ḣ˛ = 0. This gives a set of equations which are
linear in adjoint variables

H˛(t, x, �) = gT � = 0, (18)

Ḣ˛(t, x, �) = hT � =
(

gxf − f xg + ∂H˛

∂t

)T

� = 0. (19)

Elimination of � from (18) and (19) results in characterization of
the singular surface:

S(t, c1, c2) = (R2 − 1)

(
J + c1

∂J

∂c1
+ c2

∂J

∂c2

)

+ J

(
c1

∂R2

∂c1
+ c2

∂R2

∂c2

)
= 0. (20)

Note that the expression (20) is formally identical to the one with-
out fouling, as derived in Paulen et al. (2012). The only difference
lies in the fact that J (and thus S) is not only a function of concentra-
tions but also of time. For example, an expression for the singular
surface in case of R2 = 0 and the intermediate blocking model boils
down to

S(t, c1, c2) = J0 + c1
∂J0
∂c1

+ c2
∂J0
∂c2

+ KiJ
2
0 t = 0. (21)
The above relation clearly shows the shift in the optimal operation
with fouling (Ki /= 0) and without fouling (Ki = 0).

To obtain the control which keeps the states on the singular
surface, we  differentiate the singular surface described by Eq. (20)
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the minimum-time operation for different fouling rates. The con-
trol structure in all the cases is the three-step strategy described
above. The circle in the state diagram represents the initial con-
centrations and the cross depicts the final ones. We  can observe
M. Jelemenský et al. / Computers and

.r.t. time. The obtained singular control is:

(t, c1, c2) = (∂S)/(∂c1)c1 + (∂S)/(∂c2)c2R2

(∂S)/(∂c1)c1 + (∂S)/(∂c2)c2

+ (∂S)/(∂t)
(c1JA)/(c1,0V0)((∂S)/(∂c1)c1 + (∂S)/(∂c2)c2)

.  (22)

his can be again formally separated into two  parts: the first one
orresponding to the unfouled singular control and the second one
andling the influence of fouling on the optimal operation.

Following the analysis of the unfouled case derived in Paulen
t al. (2012), the optimal operation consists of the following three
teps:

. In the first step we use either concentration mode or pure dilu-
tion mode (see Eq. (17)) until the condition S(t, c1, c2) = 0 is met.
The choice of the appropriate mode depends on initial condi-
tions.

. During the second step we stay on singular surface where the
singular control (Eq. (22)) is used.

. The last step is again the operation with either concentration
mode or pure dilution until the final conditions for concentra-
tions are met.

Note that any step can be missing from the optimal operation.
his depends solely on the initial and final conditions. For instance,
f there does not exist any three-step strategy fulfilling the final
onditions, the middle step is skipped, and the optimal control is
aturated on constraints.

. Case studies

We  consider three case studies where the fouling is described by
ntermediate pore blocking model (Eq. (9)). We apply the proposed
ime-optimal control strategy to the case studies and compare it
ith the traditional control strategy (C-CVD).

.1. Case study 1

In this case study we use a classical setup of the separation of
wo solutes by diafiltration with constant rejection coefficients. The
ermeate flux is the simplest possible derivate of mass-transfer
heory (Fick’s law) and is of the form

0(c1) = k ln
clim

c1
, (23)

here clim is the limiting concentration of the product and k is
he mass transfer coefficient. We  also consider that the rejection
oefficients are constant (R1 = 1 and R2 = 0). This means that the
embrane is absolutely impermeable for macro-solute (c1) and

hat the micro-solute (c2) can pass freely through the membrane
ores.

The goal is to drive the concentrations from the initial point
c1,0, c2,0] = [3.3 g/dL, 5.5 g/dL] to the final point [c1,f, c2,f] = [9.04 g/dL,
.64 g/dL] for 100 dL of solution and for the employed membrane
rea of 1 m2. The limiting concentration of the product is 56 g/dL
nd the mass transfer coefficient is k = 12.439 m/h. The singular
urface can be derived from Eq. (20) and is of the form

(t, c1) =
(

ln
clim

c1
− 1

)
+ 2tkKi ln

clim

c1
= 0. (24)

If we differentiate the singular surface with respect to time we
btain the singular surface
(t, c1) = 1 +
Kic1,0V0(KiJ0t + 1)

[
ln((clim)/(c1))(KiJ0t + 1) − 2

]
Ac1(Kit(2k + J0) + 1)

,

(25)
ical Engineering 91 (2016) 343–351 347

where V0 stands for the initial volume. We  can observe that, besides
concentrations, singular surface and control also depend on fouling
rate and time. Note that when no fouling is present, the optimal
operation boils down to the classical result, i.e. the CVD step should
be commenced when c1 = clim/e.

Using the presented theoretical results and knowledge on initial
and final conditions, the time-optimal operation in the presence of
fouling comprises a sequence of following three steps:

1. The first step is the concentration mode  ̨ = 0 till the singular
surface (Eq. (24)) is reached.

2. Then, in the second step, the states reside on the singular surface
with the singular control (Eq. (25)). This step is performed until
the condition c1(t)/c2(t) = c1,f/c2,f is satisfied.

3. In the last step we  perform pure dilution mode with  ̨ =∞ to
reach the final concentrations.

Fig. 3 depicts the optimal control strategy (states and control) for
Fig. 3. Comparison of different control strategies (top – state space, bottom – control
profiles).
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Table 1
Time-optimal operation compared to traditional operation for different fouling
rates.

Ki (10−3 m−1) Minimum
time tf (h)

Switching
time ts (h)

C-CVD tf (h) � (%)

0 5.01 3.31 5.61 11.97
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Table 2
Time-optimal operation compared to traditional operation for different fouling
rates.

Ki (10−3 m−1) Minimum
time tf (h)

Switching
time ts (h)

C-CVD tf (h) � (%)

0 4.49 2.45 4.74 5.57
10  7.24 4.85 10.52 45.30
10  7.68 5.52 11.70 52.34

20  12.44 9.49 28.37 128.05
30  21.67 17.26 78.02 260.04

hat the switching concentration to singular surface described by
q. (24) changes with different fouling rates Ki. Furthermore we
an observe that the increase of these values translates to longer
rocessing time, as expected.

Table 1 presents a comparison of the final processing times
n case of the proposed minimum-time operation and the tra-
itionally used operation (C-CVD). Moreover, we also report the
orresponding switching time (ts) when the time-optimal oper-
tion switches from concentration mode to singular mode. The
raditional mode of operation consists of two steps. It starts with
he same concentration mode as the proposed approach. How-
ver, its second step is constant volume diafiltration (  ̨ = 1) and it
s switched on at c1 = c1,f. Clearly, as fouling pronounces, this diafil-
ration step is suboptimal causing overall increase of processing
ime. Further, we can also observe that by the increase of the foul-
ng rate the switching times increase. This is mainly caused by the
ecrease in the permeate flow and slower reduction of the feed vol-
me, which eventually results in longer time to reach the optimal
witching concentration. For the highest rate of fouling considered
ere, the savings in terms of processing time are almost threefold.

A care must be taken when applying this optimal operation on
 real process. The traditional C-CVD operation and model rep-
esented by Eq. (23) operate with concentration c1 < 10 g/dL. The
roposed optimal operation uses much higher concentrations of
acro-solute up to 40 g/dL. Therefore, a new model has to be esti-
ated that also covers this area. Such high concentration can cause

trong polarization effects and necessity to move the operation in
ower-concentration region. In that case, the singular surface would
ot be attained and constraint-based operation would be applied
s shown in Jelemenský et al. (2014). Moreover, if the rejection
oefficient for macro-solute (with concentration c1) would be less
han one, the switching time ts would be reached later compared
o the case when R1 = 1. This is caused by the outflow of the macro-
olute from the system, which results in longer time to reach the
esired switching concentration. However, in this case numerical
ptimization would be needed to compute the optimal switching
oncentration. This is because the time-optimal operation can be
erived analytically only in the case when R1 = 1.

.2. Case study 2

We  study separation of lactose (with concentration c2) from
roteins (with concentration c1). The separation problem was origi-
ally formulated in Rajagopalan and Cheryan (1991) and its optimal
nfouled control was derived in Paulen et al. (2012). The experi-
entally verified model for the permeate flux is given as

0(c1, c2) = b0 + b1 ln c1 + b2 ln c2

= 63.42 − 12.439 ln c1 − 7.836 ln c2. (26)

he permeate flux model can be alternatively rewritten into the
orm ( )

0(c1, c2) = −b1 ln e−(b0)/(b1) − ln c1 + ln c−(b2)/(b1)

2

= −b1 ln
e−(b0)/(b1)c−(b2)/(b1)

2
c1

, (27)
20  12.02 8.85 26.70 122.13
30  21.27 16.54 75.57 255.29

which resembles the expression for limiting flux (Eq. (23)). How-
ever, compared to the previous case study, in this case the limiting
macro-solute concentration depends on the concentration of c2. We
will consider the same initial and final concentrations, the mem-
brane area, rejection coefficients and the initial volume as in the
previous case study.

The singular surface is of the following form

S(t, c1, c2) = b0 + b1(ln c1 + 1) + b2(ln c2 + 1) + KitJ
2
0t = 0, (28)

and singular control is as follows

˛(t, c1, c2) = b1

b1 + b2

+ Kic1,0V0(KiJ0t + 1)(2b1 + 2b2 + J0(KiJ0t + 1))
KitAc1(b1 + b2)(2b1 + 2b2 − J0 − 1)

.  (29)

Here we can easily distinguish the contribution of the fouling to the
optimal operation of unfouled membrane system.

The time-optimal operation in the presence of membrane foul-
ing consists of the same three steps as presented in the previous
case study. As explained in the previous case study, when different
rejection for macro-solute would be considered the switching time
would be reached in higher time. In addition, the optimal switch-
ing time and the singular control would need to be computed by
numerical optimization.

Fig. 4 depicts the optimal control strategy (states and control) for
the minimum-time operation for different fouling rates. Compared
to the previous case study, the unfouled singular control mode is
variable volume diafiltration (  ̨ ≈ 0.61) which changes slightly with
increased fouling rate. As in the previous case study, the macro-
solute concentration that switches to singular mode increases with
the fouling rate and the total processing time increases as well.

Table 2 presents a comparison of the final processing time in
case of proposed minimum-time operation and the traditionally
used operation (C-CVD). In the table we also show the switching
time (ts) where in the case of time-optimal operation we switch
from concentration mode to singular control mode. The differences
in the duration of the respective operations get more significant as
the fouling rate increases. For the highest rate of fouling considered
here, the savings in terms of processing time are almost threefold.

When we compare the two case studies, we can observe dif-
ferent processing times and also different switching times. These
differences also result in different savings for the same fouling rates.
This is caused mainly due to the fact that in the second case study
the limiting concentration for the macro-solute was a function of
concentration c2. We  can also observe that this difference in the
model of the permeate flux resulted in different expression for
singular surface and thus to different singular control.

5.3. Case study 3
The purpose of this study is to show the properties of the
proposed approach if some of the assumptions are not satisfied.
Namely, we  will study a membrane separation process where the
rejection of the macro-solute by the membraneis not complete, and
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Table 3
Experimentally obtained coefficient values for R1, R2, and J0.

i si wi zi

1 68.1250 × 10−9 7.8407 × 10−6 −0.0769 × 10−6

2 −56.4512 × 10−6 −4.0507 × 10−3 −0.0035 × 10−3

3 32.5553 × 10−3 1.0585 0.0349 × 10−3

4 −4.3529 × 10−9 1.2318 × 10−9 0.9961

values of K was  shorter. Even if the assumptions for the proposed
ig. 4. Comparison of different control strategies (top – state space, bottom – control
rofiles).

aries according to the concentrations of both solutes. As it was
ointed out in Paulen et al. (2015), analytical expressions of singu-

ar surface are no longer possible for such a case and the resulting
ptimal control problem needs to be solved numerically.

The considered process model is taken from Fikar et al. (2010).
he original experiment (Kovács et al., 2009) providing the models
f permeate flux and rejection coefficients, dealt with separation
f technical grade sucrose and sodium chloride in aqueous solvent.
ucrose being the macro-solute (product), and sodium chloride
he micro-solute (impurity). The purpose of the experiment was
o find the relation between permeate flux, rejection coefficient,
nd the concentrations. The separation was achieved using cross-
ow nanofiltration (A = 0.45 m2), as it has the appropriate pore size
nd structure, applicable for demineralization of saccharides. The
xperiment was carried out at constant temperature and pressure.
he empirical relations for J0, R1 and R2 as functions of component
oncentrations are as follows:
0 = S1 (c2) eS2 (c2) c1 , (30a)

1 = (z1 c2 + z2)c1 + (z3 c2 + z4), (30b)
5  3.3216 × 10−6 −9.7660 × 10−6

6 −2.7141 × 10−3 −1.1677 × 10−3

R2 = W1 (c2) eW2 (c2) c1 , (30c)

where S1, S2, W1, W2 are

S1 = s1 c2
2 + s2 c2 + s3, (31a)

S2 = s4 c2
2 + s5 c2 + s6, (31b)

W1 = w1 c2
2 + w2 c2 + w3, (31c)

W2 = w4 c2
2 + w5 c2 + w6, (31d)

and s1–6, z1–4 and w1–6 are experimentally evaluated coefficients
with the process solution (see Table 3).

The intermediate fouling model is considered with values of Ki
up to 5 m−1. The maximum value of  ̨ is constrained by 1.

Numerical method of orthogonal collocation was used to com-
pute the optimal control and state trajectories. The main idea
behind the method is that the state and control trajectories are
approximated with piece-wise Lagrange polynomial functions on
some chosen number of intervals. The approximation is exact at the
collocation points. The roots of Legendre polynomials determine
the distribution of these collocation points (Biegler, 1984; Čižniar
et al., 2005). In our case we  chose 3–7 time intervals, 5 colloca-
tion points on states and 3 collocation points on control to find the
optimal separation strategy. Differences in final processing times
between 3 and 7 time intervals were not significant.

Fig. 5 depicts the optimal trajectory of concentration of sucrose
and sodium chloride to drive from initial states (circle) to final
states (cross). The figure compares optimal trajectories of sucrose
and sodium chloride for both analytical and numerical control
approaches with maximum membrane fouling studied (Ki = 5 m−1).
The state trajectory consists of three steps, i.e. concentration mode,
diafiltration with time-varying profile of ˛, and constant volume
diafiltration mode. Therefore, the control variable  ̨ is equal to 0
in the first step to increase the concentration of both product and
impurity. In the second part the control varies in a mid  range, and
that highly contributes to the concentration increase in our prod-
uct. The final step is constant volume diafiltration mode with  ̨ = 1
and directly translates to reduction in impurity to achieve the final
product and impurity concentration.

The optimal control trajectory obtained numerically shows
some typical oscillations in singular mode due to a low sensitiv-
ity of the cost function to this part of the control trajectory. The
magnitude and frequency of the oscillations increase as the num-
ber of time intervals increase and hence we  can see comparatively
more oscillations in the seven-step strategy, than three-step or ana-
lytical strategy. This is mainly caused due to more optimization
variables and numerical insensitivity. In fact, the second step could
be replaced, for practical purposes, with a constant  ̨ (variable vol-
ume  diafiltration mode) without a major change in the duration of
the operation.

Simulations with other values of the fouling parameter Ki
showed the similar behavior, although processing time for lower
i
method are not valid, the resulting state and control trajectories are
almost optimal and the final processing times are practically the
same as those obtained with numerical optimization. This is due
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o the fact that the rejection coefficient is close to 1 for the entire
peration. Note that the analytical approach is not able to reach
nal concentrations perfectly due to mismatch between assumed
R1 = 1) and real rejection of the macro-solute, but the differences
re negligible (less than 1‰).

. Conclusions

In this paper we studied the time-optimal control of a batch
iafiltration process in the presence of fouling. The fouling behav-

or was described by the reduction of the permeate flux caused by
he deposit of the solutes on the membrane. Using Pontryagin’s

inimum principle we derived candidates for optimal control. The
erived optimal operation is completely analytic, and consists of
hree steps with singular control being the second one. The devel-
ped theory was  applied on three case studies. The first two of them
ith different membrane models showed possible improvements
ver existing membrane operations. The last case study showed
hat the proposed optimal control strategy, obtained for the case of
onstant rejection coefficients, can be applied to the situation with
arying solute rejections, provided the variations are not too large.
ical Engineering 91 (2016) 343–351

Such neighboring analytical solution achieves only slight subop-
timality loss compared to time-optimal operation. The obtained
results indicate that by using advanced control strategy we can
reduce the production costs compared to traditionally used mem-
brane operations and avoid any numerical optimization. Thus, the
proposed method can be applied to existing plants and hardware
without major investments.
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