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Abstract

This work deals with synthesis and implementation of model predictive control
(MPC). More concretely, we focus our attention on explicit model predictive con-
trol. The advantage of explicit model predictive control over implicit one is its
lower implementation requirements. Even though in the offline phase a difficult
parametric programming problem must be solved to obtain the feedback law, in
the online phase the evaluation of the control law boils down to a mere function
evaluation. The main limitation of this approach, however, is its memory demand.
Especially for systems with a large number of states and/or for MPC problems with
a long prediction horizon the complexity of the explicit feedback law grows quickly.
As a consequence, the controller is not implementable if its memory requirements
exceed the hardware’s threshold. For this reason, we propose two complexity reduc-
tion techniques to decrease the final memory footprint of explicit model predictive
controllers.

To allow for a seamless transition from an MPC design environment (such
as Matlab) to hardware implementation, in this thesis we furthermore propose
a code generation technique. Its purpose is to generate a self-contained implemen-
tation of the explicit MPC algorithm in two programming languages — Python and
JavaScript. The code generation module is designed in such a way that the gener-
ated code can be seamlessly embedded into target control applications written in
these languages.

Last, but not least, in this thesis we showcast the design and implementation
of model predictive control to two real-life processes. The first one aims at control-
ling the temperature of the plating solution of a hard chromium plating process.
The second application shows the control of a fast electromechanical system which
manipulates objects by a magnetic field. The common denominator of these two

plants is their underlying nonlinear behavior.

Keywords: Explicit Model Predictive Control, Memory and Complexity

Reduction, Code Generation, Model Predictive Control Implementation



Abstrakt

Této praca sa zaoberd syntézou a implementaciou prediktivneho riadenia (MPC).
Konkrétne, zamerali sme sa na explicitné prediktivne riadenie. Vyhodou explic-
itného prediktivneho riadenia oproti implicitnému s jeho nizsie implementacné
poziadavky. Napriek tomu, ze v predimplementacnej faze sa musi vyriesit’ naroc¢ny
parametricky program na ziskanie zakona riadenia, v samotnej implementacnej faze
pozostava vyhodnotenie regulatora iba z vyhodnotenia funkcie. Hlavnym limitu-
jucim faktorom tejto metdédy je vsak prave jeho pamédt’ova narocnost’. Zlozitost’
explicitného zakona riadenia rastie rapidne rychlo pre systémy s vel’kym poctom
stavovych premmennych a s dlhym predikénym horizontom. Dosledkom toho je reg-
uldtor neimplementovatel'ny, pretoze jeho pamét’ova ndrocnost’ prevysuje moznosti
hardvéru. Z tohto dovodu sme navrhli dva rozlicné postupy, ktoré znizia findlne
pamét’ové zat’azenie explicitného prediktivneho reguldtora.

Aby bolo mozné zabezpecit’ hladky prechod od ndavrhu MPC v programovom
prostred{ (ako je Matlab) az po findlnu hardvérovi implementéciu, v tejto préci sme
d’alej navrhli techniku generovania kédu. Jej cielom je vytvorenie sebestacného ex-
plicitného MPC algoritmu v dvoch programovacich jazykoch — Python a JavaScript.
Modul generovania kédu je navrhnuty takym sposobom, aby generovany kéd mohol
byt’ bez problémov vnoreny do cielovych aplikécii napisanych v tychto jazykoch.

V neposlednom rade, v tejto praci uvedieme navrh a implementaciu predik-
tivneho riadenia na dvoch realnych aplikaciach. Prva z nich je zamerand na riadenie
teploty roztoku chrému v galvanizacnom procese. Druhd aplikdcia predstavuje ri-
adenie rychleho elektromechanického systému, ktory ovlada objekty cez magnetické
pole. Spoloénym menovatel'om tychto dvoch procesov je ich nelinedarne spravanie

sa.

KIacové slova: explicitné prediktivne riadenie, redukcia zlozitosti, gen-

erovanie algoritmov, implementacia prediktivneho riadenia
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Chapter

Introduction

“ Progress is man’s ability to complicate simplicity. ”

Thor Heyerdahl

Control theory has its origins both in mathematics and in engineering. It deals
with influencing the behavior of dynamical systems around us. The main idea is
to influence the system based on the information from measurements. The goal
is to create an automated way of doing so, so-called controller, which takes care
of the process control instead of humans. The purpose of the controller is to
maintain some specific conditions, e.g. constant temperature in the chemical reactor
or constant speed in case of cars. At the beginning, only simple approaches were
used, such as rule-based controllers or PIDs. In the second half of the last century,
more complex methods were introduced. One of these methods is Model Predictive
Control (MPC). This control approach makes it possible to use the mathematical
model of the real process to predict its future behavior. The information about
the prediction is used to construct such a control policy which fulfills the given
requirements. In order to obtain the values of the control actions, which are optimal
related to some criteria, an optimization problem must be solved. Due to the lack
of the computation power, this kind of control approach could only be implemented
for processes with slow dynamics. After the time computers started to offer higher
computation power which allowed aiming even systems with faster dynamics. The

big changes came when Explicit Model Predictive Control was introduced. The

19



20 CHAPTER 1. INTRODUCTION

big benefit of this approach lies in its easy and cheap implementation since only
operations such matrix multiplication and addition are required. There is no need
for additional numerical solvers which makes the implementation simpler. Since in
the evaluation phase there is no such operation as a division the validation of the
final algorithm is also easier and faster. The Explicit Model Predictive Control is
obtained by solving an optimization problem by parametric programming and the
controller can be stored as a look-up table. The look-up table encodes a piecewise
affine (PWA) function of the parameters and is defined over polytopic regions. This

precomputed form of the optimization problem became desired in the industry.

1.1 Motivation

To implement explicit MPC, the parametric solution to the optimization problem
must be saved in the memory of the target implementation hardware. The solu-
tion is defined over polytopic critical regions, which are given by a set of linear
inequalities. The main limitation of the successful implementation is the method’s
memory demand. By increasing the value of the prediction horizon also the number
of the critical regions increases. In order to reduce the memory demand, complex-
ity reduction methods are investigated. Here, the goal is to reduce the number
of critical regions. This could be done by using various approximation methods.
The approximation simplifies the parametric solution but it also deteriorates the
control quality. Therefore, there must be a compromise between the performance
of the controller and its memory demand. After the final memory demand of the
implementable controller fulfills the implementation requirements a so-called point
location algorithm must be created to extract the optimal solution of the optimiza-
tion problem from the precomputed lookup table. In order to make this step as
easy as possible, the code generation module should be created to export the point
location algorithm with the necessary information to the given programming lan-
guage. The goal is to create such an interface which is user friendly, the generated

code is self contained and could be easily merged with existing applications.

1.2 Goals of the Thesis

This dissertation thesis aims at the synthesis and implementation of Model Predic-

tive Control techniques. The main objectives can be summarized as follows:
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e Complexity and memory reduction by approximation techniques.

Complexity reduction in explicit MPC is a crucial part of this work. In gen-
eral, the goal is to develop such reduction techniques that are able to decrease
the memory demand to the given implementation burden. In order to achieve
a higher memory reduction approximation techniques used to be considered.
However these methods could efficiently reduce the memory demand, the
control performance also deteriorates. Therefore, the goal is to find a good
compromise between the memory consumption and the controller’s perfor-

mance.

The contributions of this thesis with respect to complexity reduction are

based on the following publications which I have co-authored:

— Takécs, B. — Holaza, J. — Kvasnica, M. : NLP-based Derivation of
Bounded Convex PWA Functions: Application to Complexity Reduc-
tion in Explicit MPC. In Veszprém Optimization Conference: Advanced

Algorithms, Veszprém, Hungary, pp. 95-95, 2012.

— Holaza, J. — Takacs, B. — Kvasnica, M. : Complexity Reduction in
Explicit MPC via Bounded PWA Approximations of the Cost Func-
tion. In Selected Topics in Modelling and Control, Editors: Mikles, J.,
Vesely, V., Slovak University of Technology Press, vol. 8, pp. 27-32,
2012.

— Takécs, B. — Holaza, J. — Kvasnica, M. — Di Cairano, S. : Nearly-Optimal
Simple Explicit MPC Regulators with Recursive Feasibility Guarantees.
In IEEE Conference on Decision and Control, Florence, Italy, pp. 7089—
7094, 2013.

— Holaza, J. — Takécs, B. — Kvasnica, M. : Synthesis of Simple Explicit
MPC Optimizers by Function Approximation. In Proceedings of the 19th
International Conference on Process Control, Strbské Pleso, Slovakia,
pp. 377-382, 2013.

— Holaza, J. — Takéacs, B. — Kvasnica, M. : Simple Explicit MPC Con-
trollers Based on Approximation of the Feedback Law. In ACROSS
Workshop on Cooperative Systems, Zagreb, Croatia, pp. 4849, 2014.

— Holaza, J. — Takacs, B. — Kvasnica, M. — Di Cairano, S.: Nearly optimal
simple explicit MPC controllers with stability and feasibility guarantees.
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In Optimal Control Applications and Methods, vol.6, 2015.

e Code generation tool to export the parametric solution.

Here the goal is to bring explicit MPC closer to a wider community. In
particular, we show how explicit MPC controllers can be exported to Python
and JavaScript. To do so, we propose a new module in Multi-Parametric
Toolbox, which exports the parametric solution to the chosen programming
language. The export procedure should take care about that the generated
file will contain all the necessary mathematical operation together with the
information about the parametric solution. The correctness of the solution
and the merging with existing application is validated on three test cases.
Two of them cover Python - one applies explicit MPC to control of a computer
game and the second one uses it for control of a quadcopter. With respect to
JavaScript, we investigate the case of controlling, optimally, the temperature

inside a building. Here, the explicit MPC controller runs in a web browser.

The results for code generation as reported in this thesis are based on the

following publications:

— Takdcs, B. — Holaza, J. — Stevek, J. — Kvasnica, M. : Export of Ex-
plicit Model Predictive Control to Python. In Proceedings of the 20th
International Conference on Process Control, Strbské Pleso, Slovakia,
pp. 78-83, 2015.

— Takécs, B. — Stevek, J. — Valo, R. — Kvasnica, M. : Python Code Gen-
eration for Explicit MPC in MPT. In FEuropean Control Conference,
Aalborg, Denmark, 2016.

Implementation of MPC on non-linear processes

Although we always try to simplify the optimal control problem, in some cases
too many simplifications lead to non-accurate models and lesser performance.
Therefore, non-linear models are used, which can lead to a better description
of the real process. The goal of this part of the thesis is to design and to
implement various MPC-based control methods on two real-life processes that
exhibit nonlinear behavior. The first process in which we are interested in is a
hard chromium plating process, where the task is to control the temperature

of the plating solution. The second process deals with the position control of
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an object by changing the magnetic field around it. The results in this part

of the thesis are, as of now, unpublished.

1.3 Overview of the Thesis

This thesis is aimed to decrease the computation demand of the model predictive
control technique. The thesis is divided into 2 main parts. Part I discusses the the-
oretical background and concepts of model predictive control. Part IT then reports
our contributions. Here, after a concise overview of the contributions in Chapter 4,
we first discuss two complexity reduction techniques in Chapter 5. Here the ob-
jective is to decrease the memory demand of explicit MPC solutions by reducing
the number of regions over which the feedback law is defined. Two approaches are
presented. One is based on approximating the optimal value function in such a way
that a simpler controller can be recovered while preserving stability properties. The
second method directly approximates the (complex) explicit MPC feedback law to
find its simpler replacement. Outcomes of both approaches are documented on
illustrative examples.

Chapter 6 then introduces the code generation framework for Python and
JavaScript. The chapter introduces the framework from the users’ perspective
and discusses technical aspects of the automatically generated code. Three case
studies are presented to illustrate the benefits of the proposed framework. The
first one shows how to use explicit MPC to control a computer game in Python.
In the second application, explicit MPC is synthesized and applied to control a
quadcopter. Finally, the third application illustrates how a web-based version of
explicit MPC, implemented in JavaScript, can be used to control the temperature
in a building.

Finally, Chapter 7 reports the application of MPC to two real-life processes
which exhibit nonlinear behavior. The first one deals with temperature control of
a planting solution inside a hard chromium electroplating process. Three distinct
MPC setups are considered. One is based on the full non-linear model of the plant
and serves as a performance benchmark. Then, two setups based on linear models
are considered. In the first one, the linear model is updated at each sampling in-
stant via linearization around the current plant’s conditions. The second approach
uses one fixed linearization. The performance of all three approaches is verified

via simulations. The second case study investigates the control of a magnetic ma-
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nipulator which modifies the magnetic field as to move a metallic ball to desired
locations. Here, besides the plant dynamics being nonlinear, the second difficulty
is a high sampling frequency. To cope with these aspects we propose a two-layer

MPC structure.



Part 1

Theoretical basis

25






Chapter

Convex Optimization

Convex optimization finds its place in many today practical applications such pro-
cess control, signal processing, data analysis, etc. It is a subfield of general op-
timization, which devotes attention to the problem of minimization of a convex
function over convex set as defined in (2.1) (Boyd and Vandenberghe, 2004). In
the following an equivalent but slightly different notation will be used for opti-
mization problem (2.2). The reason why convex optimization is generally preferred
over non-convex one is that any optimum of the convex problem is also a global
optimum. This property makes convex problems easier to solve compared to their
non-convex counterparts. Over the years, several effective methods, algorithms,
and toolboxes (Gurobi Optimization (2015), GLPK (2012), ApS (2015)) have been
developed to solve even large-scale convex optimization problems. An another ad-
vantage of convex optimization problems is that many engineering problems can be
formulated in such a form, for instance, minimization of energy consumption of the
given process or imposition of safety limits. Every optimization problem consists

of two parts: the objective function (2.2a) and the constraints (2.2b).

fa*) = min{f(z) | = € X} (2.1)
f(a*) = min f(@) (2.22)
st.xeX (2.2b)

27



28 CHAPTER 2. CONVEX OPTIMIZATION

For an optimization problem to be convex, the objective function must be a
convex function and the constraints must have a form of a convex set. Properties

of convex functions and convex sets are therefore reviewed in the sequel.

2.1 Convex Functions

A function f is a real-valued function, which maps the n-dimensional space of R"
into a scalar space R. Based on the level of convexity we can distinguish two kinds
of convex functions: non-strictly convex function and strictly convex functions.

Non-strictly convex function could be defined as follows
VeAyeZVte(0,1]: f(Ba+(1—0)y) <Of(@)+(1—-0)f@).  (23)

A typical example of a non-strictly convex functions, which are very often used
in optimization as a form objective function, are linear and affine functions. The
line segment connecting two arbitrary points x, y from the domain Z of function f,
is lying exactly on the value function f and not above it. The mentioned linear and
affine functions are not only non-strictly convex functions but have the properties
of non-strictly concave functions as well. The graphical representation of non-strict
convex function could be seen in Fig. 2.1(b).

A strictly convex function could be defined in the following way
Vae,y € Z,Vt € (0,1): f(Ox+ (1 —0)y) <O0f(z)+ (1—0)f(y). (2.4)

For each point z, y from the domain Z of function f is strictly above the value
function f. Graphical representation of a strict convex quadratic function depicted
in Fig. 2.1(a).

In case the condition (2.3) or (2.4) not holds for the whole investigated domain
of the function f than the given function is not convex. As it is evident from
the Fig. 2.1(c), the non-convex function could feature multiple local minima, which
complicates the search for the global optimum. Therefore in the sequel only convex

functions are considered.

Norms

Norms are a special class of convex functions that are often used in optimal control

problems. Every norm assigns a strictly positive distance to each vector except
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x y x y
(a) Strictly convex function  (b) Non-strictly convex func- (¢) Non-convex function
tion

Figure 2.1: Types of functions

the null vector. There exist several norms which express the distance in a different

way. The general form of an arbitrary norm is defined as follows:
r=[r],x9,. r)]" (2.5

lally = (3l (26)
Each norm has to fulfill the following conditions:
1. triangle inequality (2.7)
2. zero vector (2.8)

All the norms satisfy the triangle inequality conditions, which states that the sum
of two normed vectors is higher or at least equal than the norm of a sum of two

vectors.

Iz +yllp < Il + Iyl (2.7)

Furthermore, the norm can return 0 value only if the argument of the norm z is a

zero vector, in other cases, the norm operation returns strictly positive values.
[lz|]|l, >0, if . #0 (2.8)

The general form of the p norm was defined in (2.5), by changing the parameter
p we can get special types of norms. In this section three different kinds of norms
will be introduced, namely the Manhattan norm, Euclidean norm, and maximum

norm.
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In case of Manhattan norm the parameter p is set to value 1. In this case, we
can modify (2.5) to the following form (2.9). The Manhattan or 1-norm is a sum

of absolute values of the vector x.

lally = (3l 29)

The other well-known norm often used in optimal control is the Euclidean norm

(2.10). We obtain the definition of this norm if we substitute for parameter p value

2.
|||z = /leil (2.10)

Especially the square of the Euclidean norm is used often in optimization tasks.

The third mostly used norm in optimal control is the maximum norm. This

kind of norm is used when the minimization of the possible worst case scenario is

required.
[|1z||oo = mzax|xi| (2.11)
X X X
I °
y y y
(a) Manhattan (1) norm (b) Euclidian (2) norm (¢) Maximum (co) norm

Figure 2.2: Norms

All the above-mentioned norms lead to absolute value in the scalar case.
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2.2 Convex Sets

As it was mentioned previously, in the case of the convex optimization we are
interested in the feasible sets which are convex. Generally, a convex set could be
defined as a part of the space R™, for which the whole connecting line segment
for each chosen pair of points must be within the given set. Which means the set

S CR"™ is convex if and only if for any pair of z € S and y € S holds
Ar+ (1 =Ny €S, YAelo,1]. (2.12)

The condition presented in (2.12) does not hold for non-convex sets. The following

convex sets are the most commonly used

e half-space

hyperplane

ellipsoid

hyper-cube, hyper-rectangle

polytope

polyhedron

Very often in process control the sets are defined by half-spaces. In that case the
set S C R"™ will be linear in x, which in optimal control leads to linear constraints.

In case of using hyper-planes, the defined set will be of the following form
S={z|a"z<b}, (2.13)

where a € R™ is the normal vector of the half-space and b € R is a constant part.

In case of using set defined by hyperplanes S C R", the set could be described by
S={x|a"z=0}, (2.14)

where, similarly as in the previous case, a € R™ is the normal vector of the hyper-
plane and b € R is a constant part.

These two types of convex sets often arise in the context of model predictive
control where they describe minimal/maximal bounds on predicted quantities (in
the case of half-spaces), or equality constraints (in the case of hyperplanes).

The intersection of a final number of half-spaces defines polytopes or polyhedra,

which are reviewed next.
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(a) Convex set (b) Non-convex set

Figure 2.3: Sets

Polyhedra and Polytopes

A polyhedron P in the n-dimensional Euclidean space is defined as the intersection
of finitely many half-spaces of the form (2.13). Specifically, consider m half-spaces
aiTx < b; with a; € R” and b; € R for i = 1,...,m. Then the set

P={z|ajxz<by,...,ax <bn}, (2.15)
is called a closed polyhedron. If all of the inequalities in (2.15) are strict, i.e.
P={z|ajz<bi,...,ax <bn}, (2.16)

then such a polyhedron is called open. If some of the inequalities are strict and
some non-strict, such a polyhedron is neither open nor closed.

If the polyhedron contains a ray, then it is called to be unbounded. The poly-
hedron, which is bounded, therefore it can not contain any rays, is polytope. Poly-
hedra and polytopes are convex sets. Moreover, closed polytopes are so-called
compact sets, because they are closed and bounded. Every polytope admits two

representations, which are reviewed next.

Half-space and Vertex Representation of Polytopes

Polytope can be defined by two different ways. One representation, often called the

half-space representation (or just H-representation for short) defines a polytope as



2.2. CONVEX SETS 33

the intersection of a finite number of half-spaces, i.e.,
P ={xz| Az < b}, (2.17)

with A € R™*™ and b € R™.

Another option is to represent a polytope as the convex hull of its vertices

U1,...,Up withv; e R fori=1,...,p:

P:{x’m:i)\ivi,Og)\igl, zp:)\izl}. (2.18)
i=1 i=1

Such a representation is called the vertex representation, or the V-representation

for short.

It should be noted that the half-space representation could be transformed to
the vertex representation and vice versa. The H-to-) translation is called the vertex
enumeration, while the opposite direction is called convex hull. Both operations

are expensive since their runtime complexity is exponential in the worst case.

Minimial Representation of Polytopes

Minimal representation of a polytope means that removing of any halfspace or
vertex would change its form. If removed part has not an effect on the form
of the polytope then these constraints are called redundant. The elimination of
redundant constraints has not any effect on the actual form of the polytope, but can
fasten up the computation of optimization problem, since fewer constraints must be
considered. The complexity of finding the minimal representation depends on the
number of halfspaces or vertices because each halfspace/vertex must be checked.
The checking cost is one Linear Program for each halfspace/vertex. The procedure

for detecting redundant half-space of a polytope in the H-representation is reported
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as Algorithm 2.1.

Data: Half-spaces a, x < b;, i = 1,...ny, of a polytope.

1 fori=1,...,n; do

2 Let J = max a/ z s.t. afx <bj, Vje{l,...,np}\
3 if J < b; then

4 halfspace a:x < b; is redundant

5 else

6 halfspace a;x < b; is not redundant

7 end

8 end

Algorithm 2.1: Detection of redundant half-spaces.

The detection of redundant vertices in the V-representation is presented in
Algorithm 2.2.

Data: Vertices vy,...,v,, of a polytope.
1 fori=1,...,n, do
2 Solve the following linear programming problem:
3 find A
4 st v =324 Ajvs,
5 0< A <1,
6 D=1
7 if feasible then
8 vertex v; is redundant
9 else
10 vertex v; is not redundant
11 end
12 end

Algorithm 2.2: Detection of redundant vertices
The result of Algorithm 2.1 is a minimal H-representation of the given polytope,

while the outcome of Algorithm 2.2 is the minimal V-representation of the given
polytope. Both algorithms come useful in case implementing EMPC in real hard-
ware. In worst case each critical region consists of that many halfspaces how many
constraints the MPC formulation has. Therefore, it is crucial from the implemen-

tation point of view to dispose of all the not necessary halfspaces or vertices.
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2.3 Chebyshev’s Ball

Chebyshev’s ball is the largest hyperball inscribed to a polytope. Its properties can
be used e.g. to detect whether a particular polytope is fully dimensional or not.
If a polytope is not fully dimensional, we call it lower dimensional. An example
of a lower-dimensional polytope in R? is a line segment. If no ball inscribed to
a particular polytope could be found, such a polytope is an empty set. Each
Chebyshev’s ball is characterized by its center point z. and its radius r. These two

parameters can be found by solving the following linear programming problem:

max 7 (2.19a)
st. a To+ ||ail|lar <bs, i=1,...,m, (2.19Db)

where m denotes the number of half-spaces which define the polytope. Note that
problem (2.19) is always feasible even if the polytope is an empty set. In such a
case a negative radius r is obtained. If » = 0 is the optimal solution to (2.19), the
polytope is lower dimensional. Otherwise, if » > 0, the polytope is fully dimen-
sional. In such a case the center point needs not to be unique, for example in the

case of hyper-rectangle we can have multiple equally large inscribed circles.

2.4 Linear Programming

Linear programming (LP) is a special type of convex optimization problems with
linear objective function and linear constraints (Boyd and Vandenberghe, 2004). A

general formulation of an LP is given by

min ¢’z (2.20a)
s.t. Az <b, (2.20Db)
Cz = d. (2.20¢)

Here, x € R™ is the vector of optimization variables. The fitness of a particular
choice of x is evaluated by the linear objective function (2.20a) with ¢ € R".
The optimal solution must satisfy equality and inequality constraints in (2.20b)
and (2.20c) with A € R™i*" p ¢ R™ (C € R™*" d € R™e. A graphical

interpretation of a linear programming problem is provided in Fig. 2.4(a).
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(a) Linear Programming (b) Quadratic Programming

Figure 2.4: Linear and Quadratic Programming

The constraints determine the part of the search space where the problem is
feasible. In general, this feasible set is a polyhedron. The number of equality
constraints in (2.20b), i.e., m. must be lower than the dimension of the problem.
Otherwise, if m. = n, the solution is uniquely determined by the equalities (pro-
vided the row rank of C' is equal to m.). If me > n (more specifically, when the
row rank of C' is larger than n), then the problem is infeasible.

The goal of linear programming is to find the point in the feasible set where
the objective function acquires the smallest possible value. Linear programs have a
special property that their optimal solutions always lie on the vertex of the feasible
set (which is a polyhedron). Even if the problem features multiple global optima,
there always exists one on the vertex.

Besides the standard LP form in (2.20), another form is frequently used as well:

min e’z (2.21a)

x
st. Foe =g, (2.21b)
x> 0. (2.21c)

It is always possible to convert the standard form (2.20) into (2.21) and vice verse.

The conversion from (2.20) into (2.21) is described next.

First, since (2.21) only assumes non-negative values of the decision variables,
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we need to rewrite x as the difference of two non-negative quantities, i.e.,
r=x" -2, (2.22)

with T > 0 and 2= > 0. Subsequently, all inequality constraints in (2.20b) need to
be converted into equalities. This can be achieved by introducing a non-negative
vector of slack variables, i.e., s > 0, which translate Ax < b into Ax + s = b.

Putting it all together we obtain

+

min ¢ (zT —27) (2.23a)
st. A(@T —27) +s=1b, (2.23b)
Cxt —27) =d, (2.23¢)
0<zt,0<z7,0<s (2.23d)
By introducing the new optimization variable y = [x+, 27, 5] " we can rewrite (2.23)
to
min [¢ —c¢' 0]y (2.24a)
A A I b
s.t. y= , (2.24b)
c -C 0 d
0<uy. (2.24c¢)

Then the standard LP form (2.21) is recovered with

e=lc" —c" 0T, (2.25a)
A —A T
F= , (2.25b)
cC -C 0
b
= . 2.25
g [ d] (2.25¢)

A feasible optimal solution to the given linear programming problem does not
always exist. If the constraints in (2.20) are inconsistent it means the feasible do-
main of the given linear program is an empty set, in this case, the linear program is
infeasible. If the domain or feasible set of the given linear program is not bounded
in the direction of the gradient of objective function then there no optimal solution
could be found. Linear programming problems could be solved by various algo-

rithm. The less intelligent to solve it is to determine the vertices of the feasible
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set, defined by constraints. After in each vertex to calculate the value of the ob-
jective function and to choose the minimum value. This approach is not usable
if the dimension of the optimization problem is high, because just even to obtain
the vertices of the feasible set is so-called vertex enumeration problem, which is
not a straightforward operation. Another method which can be used to solve LP
is so-called simplex method presented by George Dantzig. This method uses as a
starting point one of the vertices and tries to find the path to the optimal vertex,

without exploring all the vertices. In general, the LP problem could be defined as

min ¢’z (2.26a)

st. Az <b (2.26D)

this formulation should be transformed into

max ¢' z (2.27a)
s.t. Az < b, (2.27b)
z>0. (2.27¢)

It can be converted in three steps

o Ar <b= Ax+ Is=0>, s> 0 The inequality condition is transformed into

equality constraints by introducing new nonnegative slack variables s.

e z =1 — 1z~ Since the formulation in (2.27) assumes only nonnegative num-
bers, the negative numbers are obtained as a difference of two non negative
numbers, therefore two new optimization variables must be introduced z+

and z~.

T

e min, ¢'z = max, —c'z The minimization must be converted into maxi-

mization problem.
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By assuming these 3 steps (2.26) could be transformed into:
o+
max |:7CT ¢’ 0| |z~ (2.28a)
xzt x— s il
S
T
st.[a —a 1] |a| =0, (2.28D)
S
2t
[1 1 1} x| >0 (2.28¢)
S

If the optimization problem is in 2.28 the so-called simplex tableaux is created and
by pivot operations, which are elementary row operations the maximum value of
the objective function is achieved. The iterative procedure is well documented in
(Dantzig and Thapa, 2003).

2.5 Quadratic programming

We speak about quadratic programming if the objective function is quadratic sub-

ject to linear inequality and linear equality constraints:

min %xTHx +c'x (2.29a)
s.t. Az <D, (2.29Db)
Cex=d (2.29¢)

For the problem to be convex, the objective function must be convex, which is the
case when H > 0, i.e., when the matrix H is positive semi-definite.

Quadratic programming is used when the distance or energy consumption must
be minimized. In QP the optimal value does not have to lie on the vertex or edge
of the polytope. The optimum can also be situated in the interior of the polytope.
The solution of the QP is always unique, unlike in case the of LP. The optimization
problem can in some applications be defined as LP with a quadratic part with
relatively small weight in order to obtain the unique solution. QP can be solved
by using the KKT conditions applying the active set method, which is covered in

the next section.



40 CHAPTER 2. CONVEX OPTIMIZATION

2.6 Karush-Kuhn-Tucker conditions

In convex optimization, the Karush-Kuhn-Tucker (KKT) conditions are necessary
and sufficient conditions for a solution LP/QP be optimal. The famous KKT con-
ditions were named after Harold W. Kuhn and Albert W. Tucker, who published
the optimality conditions in 1951, but later it was discovered that the conditions
were introduced by William Karush in 1939 in his unpublished master’s thesis. The
KKT conditions could be divided into 4 parts: stationarity condition (2.31a), pri-
mal feasibility (2.31b, 2.31c¢), dual feasibility (2.31d) and complementary slackness
(2.31e). The KKT conditions for optimization (2.30) are defined in (2.31). They
play an important role in convex optimization, because it is possible to solve the
system of KKT conditions analytically, and the solution is then also the solution
for the given optimization problem. The KKT conditions are used to construct
the parametric solution, this will be discussed in the section on Multiparametric

programming.

min f(z) (2.30a)
st. gi(2) <0, Vi=1,...,m (2.30b)
hj(z) =0, ¥j=1,...,p (2.30¢)
e Z (2.30d)
m P

TFED) A AV gi(2) + Y 7 () =0 (2.31a)

i=1 i=1
9i(z*) <0, Vi=1,...,m (2.31b)
hj(z*)=0,Vj=1,....,p (2.31c¢)
A >0, Vi=1,...,m (2.31d)
XNi*gi(z")=0,Yi=1,...,m (2.31e)

In the optimal point z* the value of the Lagrangian is equal to the original
problem since the equality constraints in optimal point are fulfilled as presented in
(2.31c) and also inequality constraints do not change the value of the Lagrangian
since (2.31e) holds. This problem is difficult to solve analytically as there is a

nonlinear relation between \; and g;(z) as presented in (2.31e). This system could
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be solved by so-called active set method, when the constraints are divided into the
set of active and the remaining set of inactive constraints.

Optimization problem in (2.30) could be solved by applying the KKT method
presented in (2.31). This method explores a different combination of active con-
straints. The downside of this method is that a large number of combination must
be explored. In case of solving QP with the pure KKT method a possible number
of constraints we need to consider

n n

|
=3 (1) =L ey 232)
i=0 i=0

where Na¢ represents the number of possible active set combinations, m stands for
the number of the constraints, variable n represents the number of optimization
variables. In the worst case, we need to explore Nac number of combination, which
even for small systems is high number. For example, if we have only 5 optimization
variables and for each variable we have 2 constraints the total amount of possible
active constraints are 219 combinations. There also exists the clever way how to
find the right combination of active set and not to explore all the combination. The
name of this approach is an active set method. There exists several algorithms that
use builtin heuristics to obtain good guess of the set of active constraints (Ferreau
et al., 2014).

2.7 Mixed Integer Programming

Even if Mixed Integer Programming (MIP) does not belong to the family of convex
optimization, it is frequently used to solve optimal control problems. This special
class of non-linear programming allows for engineers to formulate problems, where
not only continuous variables are considered. In general two types of MIP problems
are considered. If the objective function is linear, we speak about Mixed Integer
Linear Programming (2.33), while if the objective function contains a quadratic

part Mixed Integer Quadratic Programming (2.34) must be solved.

migl cle4d's (2.33a)
s.t. Agx + Asd < b, (2.33b)

Crx+ Cséd =d, (2.33¢)
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where variable x € R™ and ¢ € R", while 6 € R? and d € R?. By assuming m
inequality constraints the dimensions of the matrices are A, € R"*™ Az € RI*™
and b € R™, while by considering p equality constraints the matrices have the
following dimensions C, € R"*P (s € R?*P and d € RP.

mi/{l z Hiyz+2 Hyd+6 Hsd+d' 6 (2.34a)
s.t. Agx + Asd < b, (2.34Db)
Crx+ Cs0 =d, (2.34c)

where matrices in the constraints by assuming m inequality and p equality con-
straints have the same dimension as in the case of (2.33). The weighting matrices
have the following dimensions: H; € R"*" H, € R"*? and Hs € R?*9. The
property of convexity in the case of (2.33) and (2.34) is lost due to the presence
of integer variables §, which is the only difference in MIP’s structure comparing to
classical LP or QP problems. These problems could be solved by enumerating all
possible combination of binary variables §, and for each fixed combination solve a
classical LP or QP in order to obtain the optimal value x*. Even if this seems to be
a straightforward way of solving MIPs the number of combinations grows exponen-
tially by the number of §. Therefore, more advanced methods were developed to
solve MIPs, such branch-and-bound or branch-and-cut (Ric, 2005), where the goal
is to eliminate candidates, which will not contain the optimal solution. There exist
several commercial solvers such Gurobi (Gurobi Optimization, 2015) or CPLEX
(ILOG, 2003), which are able to solve MIP problems in an efficient way.

2.8 Nonlinear Programming

In some cases, there is no chance to formulate the optimization problem as a convex
optimization problem. The sub-field of mathematical optimization dealing with
such problems is so-called nonlinear optimization. Problems of such a type are
solved by using nonlinear programming. The general formulation of nonlinear

programming is presented in (2.35).

mmin fx) (2.35a)
s.t. g(x) <0, (2.35Db)
h(z) =0, (2.35¢)
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where f, h and g are nonlinear functions and potentially are non-convex. This could
be solved by using the KKT conditions but in the case of non-convex optimization
problems even the solution of the KKT conditions are only necessary conditions for
the existence of optimum. This means that we can found the solution, which fulfills
all the conditions, but the solution might be only a local optimum. This problem
could be solved by so-called sequential quadratic programming. This method solves
the QP approximation instead of (2.35) iteratively. After in each iteration, the
solution is improved. By using the second order Taylor’s expansion the function

f(z) could be locally approximated by
f(x) = f(2*) + Vf(2°) (@ = 2°) + 2(x = 2°) V2 f(2®) (x - 2®). (2.36)
Since the goal is to solve (2.35) by QP iteratively also functions g(z) and h(z) must

be linear. In order to obtain linear constraints, the first order Taylor’s expansion

is used around the given linearization point.

g(x®) + Vg(z®)(x — x*) (2.37a)
h(z) = h(z®) + Vh(z®)(x — 2*) (2.37b)

Thus QP, which is the local approximation of (2.35) at the point z° is of the

following form

m:cin f(x®) + V() (z—2°) + %(m — )V f(2%) (x — x%) (2.38a)
s.t. g(z®) + Vg(a®)(z — 2°) <0, (2.38Db)
h(x®) + Vh(z®)(z — 2°) = 0. (2.38¢)

Since the objective function in (2.38) is quadratic and also the constraints are
linear, it could be solved as QP. In each iteration, the quadratic approximation of
(2.35) is created in point z*, where x* is the solution of (2.38). The procedure of
iterations is terminated if the solution of two consecutive steps fulfills the stopping
criteria. This is in general defined as p norm of the differences between the solution,
||[x% — 2*71||, < €. Variable € represent the value of toleration. In some cases, it
may happen that the hessian V2 f(z®) of the local quadratic approximation will no

longer be positive definite. By adding the scaled identity matrix to the hessian we
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can achieve that the approximated function will be always convex.

min f(z°) + Vf(2*)(z - 2°) + %(%‘ —a*) ([ + V2 f(a%)) (& — %) (2.39)
s.t. g(z®) + Vg(a®)(z — 2°) <0, (2.39b)
h(z®) + Vh(z®)(z — %) = 0, (2.39¢)

where variable ~ represents the scaling parameter and I stands for the identity ma-
trix. By this scaling even if the approximation of (2.35) would lead to non-convex
(concave) function, by adjusting the hessian at least a linear function approxima-

tion could be achieved.

2.9 Multiparametric Programming

In this section, we will discuss the idea of multiparametric programming (Gal and
Nedoma, 1972; Willner, 1967), which is based on obtaining an explicit representa-
tion of MPC feedback law for a full scale of initial conditions (parameters). This
is achieved by solving a given optimization problem off-line for all possible initial
conditions. The resulting analytical solution will be encoded as a piecewise affine
(PWA) function defined over the polytopic partition, composed of a series of critical
regions (Borrelli, 2003).

The main task of multiparametric programming is to construct critical regions
by using necessary and sufficient conditions of optimality. Over each region, the
control law and the objective function is defined as a function of actual states. Let

us consider the following multiparametric program:

J*(x) :mUin J(U, x) (2.40a)

s.t. GU < w + Ex, (2.40b)

with J*(x) as an optimal value of an objective function J(U,z), U is a vector of
optimization variables, x is a vector of parameters. Further, let us denote matrices
G e R w € R™, E € R™ ™ where m represents the number of rows in
constraints, s dimension of optimization variables, and n dimension of parameters.

During obtaining a critical region the constraints are divided into two parts. In
each region different constraints are active (A) or inactive (N A), respectively. Let

I:={1,...,m} be a set of m constraints in (2.40a), which can be split into active
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constraints A and inactive constraints NA. A and NA are sub-sets of the set I,
where AU NA = I. Therefor let us denote G4, wa, Ea,Gyna,wna and Ena

The constraint is said to be active when
G;U =w; + Ejx (2.41)
and inactive when
G;U <w; + Ex (2.42)
The critical region is defined by
Ra:={zxek|I(z)=A} (2.43)

where I is part of parameters space in R™ in which we are interested in exploring,
and I(x) = A is interpreted as imposing as active constraints indexed by the index
set A.

Depending on the type of the objective function J(U, x), we distinguish between
two types of multiparametric problems. If J(U,z) is a linear function, then the
problem in (2.40a) is called a multiparametric linear program (mp-LP). If J(U, x)
is a convex quadratic function, then (2.40a) is referred to as a multiparametric
quadratic program (mp-QP). The construction of the explicit solutions to such

problems is described next.

Multiparametric Linear Programming

Consider a multiparametric programming problem (2.40a) with a linear objective

function of the form ¢'U, i.e.,
J*(z) = mUin c'U (2.44a)

s.t. GU <w+ Ex. (2.44b)

Our goal is to construct the optimizer U*(z) = argminy ¢' U and the value func-
tion J*(z) both as functions of the parameters x. These functions will be defined
over a polytopic partition U;R;,7 = 1, ..., k where R; are polyhedral critical regions
and k denotes the total number of critical regions.

Since the above mention problem is convex, the Karush-Kuhn-Tucker (KKT)

conditions (Boyd and Vandenberghe, 2004) are necessary and sufficient conditions
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for U* to be a global minimizer of (2.44). The Lagrangian of the problem (2.44) is
defined as

LU, z,\) =c"U+ A\ (GU —w — Ex). (2.45)

Then the four KKT conditions are given by
LU, x, \)

oo =t G"A\=0, (2.46a)

GU <w+ Ex, (2.46D)

0< A, (2.46¢)

Xi(GU —w; — E;x) = 0. (2.46d)

Here, (2.46a) is the stationarity condition, (2.46b) is the primal feasibility condi-
tion, (2.46¢) represents dual feasibility, and (2.46d) is the complementary slackness

condition. Furthermore, let us split 2.46b into active
GAU — Ejgx = wy (2.47)
and inactive
GnaU — Enaz < wya (2.48)
parts. The optimizer U*(x) can be derived from (2.46b) as
U*(z) = G (Eaz 4+ wa) (2.49)

Subsequently by substituting (2.49) into (2.44a) we obtain optimal value function

as a function of parameter in a form of
J*(2) = "GN Eaz 4+ wa) (2.50)

Finally, the critical region is defined as a union of all inequalities in (2.46). Since
(2.46¢) do not contribute any restriction to parameter we have that critical region
can be obtained from (2.48) and (2.49) as:

Ra= {x | (GNAGZIEA - ENA):E <WwNA — GNAGZIU}NA}. (2.51)

Clearly, the set in (2.51) describes an open polyhedron in the parametric space.
For practical purposes, one can consider the closure of a critical region, which is

obtained from (2.51) by replacing strict inequalities by non-strict ones.
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Multiparametric Quadratic Programming

An another case of multiparametric programming is when the objective function is

quadratic subject to linear constraints:
1
J(z) =min 5UTHU + 2" FU (2.52a)

s.t. GU <w + Ex, (2.52Db)

with H = H" > 0. Our goal is similarly as in multiparametric linear programming
to construct an optimizer U* = arg mingy %UTHU + 2T FU, value function J*(x)
and subsequently critical regions R;.

Hence the problem defined in (2.52) is convex, the KKT conditions provide
necessary and sufficient conditions for U* to be a global minimizer. The Lagrangian

equation of problem defined in (2.52) is expressed by:
1
LU, x,\) = 5UThrUJra:TFUJrAT(GU—w — Ex), (2.53)

for which the KKT conditions are given by
LU, xz, \)

50 U+F z24+G A=0, (2.54a)

GU <w+ Ez, (2.54b)

0<A, (2.54¢)

)\1(GZU — Ww; — Ezl’) = 0, (254(1)

where (2.54a) represents a stationarity condition, (2.54b) is the primal feasibility,
(2.54c) is the dual feasibility and (2.54d) is the complementary slackness condition.
Similarly as in (2.46) the equation (2.54b) is divided into the active

GAU—EA.%'ZwA7 (2.55)
and the inactive
GNAU—ENAI'<U}NA, (2.56)

constraints. The optimizer as a function of parameter U*(z) can be derived from
(2.54a) as

U(x) = —H Y(FTz + G ). (2.57)
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Since A is the part of (2.57) it must be expressed as a function of the parameter
to obtain optimizer only as a function of the parameter. The dual variable as a

function of parameter is obtained by substituting (2.57) into (2.55):

A= (—GAH'G")Y Y ~G,H'FT —E ) z(t) —(GAH'G")'wa  (2.58)

0% 4

afterward X is then substituted into (2.57) to yield

U(z) =—H Y (F'2+G (v +6)=-H Y F'+GHx—-H'G"5. (2.59)
a B

Subsequently by substituing (2.59) into (2.52a) the optimal expression of value

function is obtained:
T () = %(aac + )T H(az + 8) + =) T Flaz + 5). (2.60)

Finally, we need to determine the critical region where (2.59) and (2.60) are valid.
The region is calculated as an intersection of primal and dual feasible sets, where

the region of primal feasibility is defined as
P,={z €K | (Gnaa—Ena)xr <wna — Gnab}, (2.61)
and the region of dual feasibility by
Py={x e K |~x(t) < 5} (2.62)
The final critical region is then given as the intersection of P, and Py, i.e.,
R={z|xze€P,NPy}. (2.63)

since P, and also Py are polytopic sets, the result of the intersection between them

R is also polytopic set.

2.10 Properties of Multiparametric Programming

We obtain three expressions by solving the given optimization problem by paramet-
ric programming. The first is the feasible set X', which is a domain of parameter =z,
where exists a feasible solution. Furthermore, the feasible set is a union of critical

regions. Over these regions, the optimal solution and the objective functions are
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defined The optimal solution z*(x), which is a function linear function of parameter

x is a PWA function defined over critical regions (2.64).
2¥(x) = Fix + gy, if x € Ry, (2.64)

where R; is the i-th critical region, while F; and g; are the local gain and affine
part. The objective function is also defined over critical regions J*(z) as function
of parameter . The properties of the objective function depends on what kind of
multiparametric program was solved. In case mp-LP and mp-MILP the objective

function is a PWA function and is of the following form:
J(x) =c¢]x+d;, if z €R;, (2.65)
while in case of mp-QP and mp-MIQP it is a PWQ given as
J(x) =x " Hx + ¢/ x +d;, if v € R;. (2.66)

In case mp-LP (2.65) or mp-QP (2.66) functions are continuous and convex. In case
of mp-MILP (2.65) or mp-MIQP (2.66) the functions are possibly discontinuous and

non-convex.

2.11 Summary

This chapter’s aim was to present the fundamentals of convex optimization. The
reasons why we are interested in convex optimization problems are that, if there
exists a solution for a convex optimization problem then this solution represents
the global optimum. However in the case of non-convex optimization, the result
of the optimization problem could end in one of its local optima. The main con-
vex optimization classes were introduced. In the next chapters, the theoretical
fundamentals presented in this chapter will be used. The described optimization
classes, such LP, QP, MILP, and MIQP are mainly used in MPC formulations.
Furthermore, the construction of EMPC and its property was also discussed. The
algorithms to extract the value of the optimal solution for the given initial param-

eter from the parametric solution will be discussed in the next chapter.






Chapter

Model Predictive Control

Due to its ability to handle system’s limitations, MPC is a very popular control
strategy nowadays that had to go through a long evolution. The beginning could
be dated back to the work of Kalman (1960). In the ’60s of the last century, he was
working on a controller with an aim to compute an optimal input by quadratic pe-
nalization on a linear model based infinite horizon of states and inputs. Today, this
method is known as linear quadratic regulation (LQR) (Kwakernaak and Sivan,
1972a). Between industrial technologists, LQR was not really popular. Main rea-
sons were the absence of system’s constraints in its formulation. Also nonlinear
dynamic and large time delays caused problems as well. In the early '80s, so-called
Dynamic Matrix Control (DMC) (Freedman and Bhatia, 1985) started to be used in
the chemical and petrochemical fields. There was a huge demand for this approach
because of its possibility to compute optimal control actions wherewith consider-
able amount of money could be saved. In the petrochemical field where products
were measured in kilo or megatons, only a small improvement could lead to giant
savings. The main reason for using this kind of control approach in chemical and
petrochemical field was the fact that even if the strategy was computationally de-
manding, the system dynamics was slow enough. MPC computed the optimal input
based on optimization that had to be performed in less time than the sampling time
of the system. At that time, the stability was not theoretically determined (Mayne
et al., 2000). The first version of MPC did not stabilize the process automatically.

However, a long prediction horizon and stable systems were chosen to improve this

o1
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kind of control approach. Generally, the optimization problem is predefined and
only the actual state values are necessary to obtain. Since MPC is a state based
control approach it needs information of all states. In case that not all states are
measurable, it requires an observer or estimator. In the beginning of this century
a new approach was introduced, so-called Explicit Model Predictive Control (Be-
mporad et al., 2002). This method brought MPC to control fast mechanical and
electrical systems. With all the benefits of MPC control technique, the Explicit
MPC could be implemented in weaker hardware since the optimization problem
was solved by using parametric programming in the offline phase, while in the

online phase only function evaluation was required.

3.1 Model Predictive Control Formulation

Model predictive control problems can be formulated as optimization problems that

consist of the following components:
e the objective function,
e constraints in form of equalities,
e constraints in form of inequalities,
e initial conditions.

The objective function usually penalizes the deviation of the plant’s states
from prescribed references or accounts for minimization of consumed energy (Ma-
ciejowski, 2002). Typically the mathematical model enters the optimization prob-
lem as equality constraints. Limits on predicted states, outputs, and inputs are
converted to the inequality constraints. The initial condition supplies the opti-
mization problem with the state measurements. If all constraints are linear, then
they form a convex set. Moreover, if the objective function is also convex, the MPC
problem can be solved as a convex optimization problem. If the objective function
is quadratic, then the problem can be solved as a quadratic program. This is the
case when squared 2-norms are used to penalize various quantities in the objective
function. If the function employs 1- or co-norms, the problem can be solved as a
linear programming problem. The purpose of this chapter is to provide an overview

of mathematical formulations of MPC problems typically used. However, first we
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review main advantages as well as limitations of MPC when compared to classical

control approaches.

3.2 Comparison of MPC to Other Approaches

The model predictive control approach is used when systems constraints must be
considering and the performance must be as good as possible. The classic control
designs compared to MPC have several weaknesses. Widely used PID controllers
have easy structure and few parameters which could be changed by operators in
order to improve the controller’s performance. In the case of bigger systems when
multiple inputs and multiple outputs (MIMO) are considered then decoupling is
us, which is not trivial. Moreover, PID controllers do not provide optimal control
inputs. The input limitation can be saturated mechanically, but this can cause
in some cases destabilization of systems. More advanced control approach is Lin-
ear Quadratic Regulator (LQR) which provides optimality (Kwakernaak and Sivan
(1972b). LQR solves an optimization problem of minimization the state and inputs
over infinity prediction horizon subject to a linear constraint which is the linear
model of the system. LQR cannot handle other constraints, but it is applicable to
MIMO systems without using any decoupling. However, MPC can handle MIMO
systems and can incorporate several constraints in the form of equalities and in-
equalities. Although MPC uses only finite prediction horizon the benefits come
from constraints satisfaction which makes it interesting (Maciejowski, 2002; Mayne
et al., 2000).

There are two possible ways how to implement the result of the optimization
which arises from MPC problem. The result is a sequence of optimal control inputs.

The length of the sequence depends on the size of the control prediction horizon.

3.3 Open-Loop Implementation

If the whole sequence is applied to the system, the next measurement/estimation
is done only after applying the last part of the computed control sequence. Then
the optimization problem is solved again. At first, it looks like a good way to
implement MPC, but if something unexpected happens between two measurements
then controller does not know how to handle it since it has not any information

about this event. The above mentioned approach can easily be demonstrated by
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(a) Open loop (b) Closed loop

Figure 3.1: Implementation types

driving a car. We require from the cars leader staying on the road and does not
violate any highway code. Now the prediction horizon can be specified as the
distance ahead of a car which can be seen. The driver could open eyes just for the
moment, evaluate the situation and immediately close them. He could open eyes
again after passing the given part of the road. If an unexpected object appears,
like another car or child, while drivers eyes are closed collision cannot be prevented.

This is a so-called open-loop implementation of the calculated control sequence.

3.4 Closed-Loop Implementation

In the case of the closed loop approach, the whole calculated control sequence is not
implemented to the process, but only the first element. After a new measurement

is performed, the optimization is repeated.

3.5 MPC as an Optimization Problem

In MPC the information about the model of the controlled system is used to predict
its responses to a particular choice of the control inputs (Jerez et al., 2010). Then
optimization is employed to find the best control inputs that provide an optimal
operation of the plant. In the sequel, we will assume that the controlled system
can sufficiently well be modeled by a linear time-invariant system in the discrete
time domain of the form

" = Az + Bu, (3.1

where x € R™ is the vector of states, u € R™ is the vector of control inputs, and

xT denotes the successor state at the next sampling instant. The system in (3.1)
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is assumed to operate subject to constraints
reX, uel, (3.2)
where X C R™ and U C R™ are polyhedra. More specifically, we assume

X={z| Hx < K}, (3.3a)
U={u|Lu< M}, (3.3b)
where (3.3a) and (3.3b) are the half-space representations of constraints on state

and input variables.

Then the MPC optimization problem can be stated as

B mlﬁv 1 In(zn) + 3 lf(xk,uk) (3.4a)
TR k=0

s.t. xps1 = Axg + Buy, (3.4b)

xo = x(t), (3.4c)

T € X, (3.4d)

ug €U. (3.4e)

zyeT. (3.4f)

where £(.,.) represents the stage cost while £y is a terminal penalty with terminal
constraint 7. In the sequel we will consider the specific case when the objective
function is a quadratic function. For the sake of simplicity of the notation, we will
not consider terminal constraints and terminal cost. In this case, the MPC is of

the following form:

N—1
min Z x} Qry + u) Ruy, (3.5a)
UQ sy UN —1
k=0
s.t. xxy1 = Axg + Buy, (3.5b

Tp € X, (35d

)
xo = z(t), (3.5¢)
)
up €U. (3.5¢)

where z; and wuy represent the state and input variables at the k-th step of the
prediction window, respectively. The predictions are obtained using the LTT pre-

diction model defined in (3.5b), and initialized by the current state measurements
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in (3.5¢). Each predicted state and input variables has to fulfill restrictions due to
constraints (3.5d) and (3.5¢). Note that constraints (3.5b), (3.5d) and (3.5e) need
to be imposed for each k = 0,..., N — 1. The purpose of the objective function
in (3.5a) is to penalize the deviation of predicted states and inputs from the origin.
Weighting matrices Q = Q" = 0and R = R" = 0 are tuning parameters to adjust
the controllers performance.

The optimal control problem defined in (3.5) can be transformed into a quadratic
program (Rossiter and Kouvaritakis, 2004; Scokaert and Rawlings, 1998). New
variables are introduced in order to generalize the MPC problem.

Zo Q -+ 0 R .- 0
X = ., Q= |, R= (3.6a)
TN_1 0 Q 0 R
o [H 0 L 0]
U= , H= , L= (3.6b)
Un_1 0 H 0 L]
M K .
M=|:|, K=|:|, E=1]_|, (3.6¢)
M K o
(3.6d)

where matrices X and U represent the sequence of state and input variables, while
matrices Q, R, H and L stand for the Kronecker product between the identity ma-
trix and the given weighting matrices or left-hand side constraint matrices. Vectors
M and K are the augmented vector to constrain the predicted state and input vari-

ables.

0 . 0 0 0
A 0 B 0
A=1g 4 , B=|o B (3.7a)
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A and B represent the evolution of the dynamics of the system. This formulation is
so called sparse formulation where the nonzero elements of the matrices are located

on the diagonal.

min X 'QX + U RU (3.8a)
s.t. X = AX + BU + Ex(t), (3.8b)
HX <K, (3.8¢)
LU <M. (3.8d)

By introducing a new optimization variable Z = [XT UT]T, optimization prob-
lem in (3.8) could be transformed into the standard QP form:

min Z @ 9 Z (3.9a)
R
st. [[—A — B]Z=Ex(t), (3.9b)
a E) < If] . (3.9¢)
0 L M

The formulation in (3.9) is also called a sparse MPC formulation with equality
constraints. It is possible to eliminate the equality constraints by exploiting the LTI
prediction equation in (3.1). Specifically, let us rewrite (3.1) into xy41 = Ay +Buy.
Then the first three predictions of the states are given by

x1 = Axo + Bug (3.10a)
r9 = Ax1 + Buy = A(A.’l?o + BUO) + Buj = A2$0 + ABug + Buq (310]3)
Trs = Axg —+ BUQ = A(A2x0 —+ ABUO =+ Bul) —+ BU2 =

. (3.10c)
ASIO + A2BUO + AB’LL1 + BUQ

As can be observed from (3.10), each predicted state is only a function of the initial
condition zg and of the vector of predicted control inputs. We can generalize this
procedure to give a compact representation of the k-th predicted state as

k—1

oy = Afzg + > AT By, (3.11)
1=0

By defining X = [ ,2],...,2§_;]T and U = [u],...,u}_,]", we can compactly
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rewrite the prediction equation as
X = Az(t) + BU, (3.12)

which, more specifically, takes the following form:

i To ] i I T i 0 0 0_ i Up ]

T A B 0 Uy

x2 | = | A* |z(t)+ | AB B 0 -+ O] | w2z |. (3.13a)
lon1] AN | AN=2B AN3B ... B 0] [un-1]
N—— N—— N—_——

X A B U

By exploiting (3.13) the MPC problem could be formulated as

min (Az(t)) + BU)"Q(Ax(t) + BU) + U RU (3.14a)
s.t. H(Az(t) + BU) < K, (3.14b)
LU < M, (3.14c)

which, after expansion, leads to

min U (BTQB + R)U + 2z(t) T ATQBU (3.15a)
st. HBU < (K — HAz(t)), (3.15b)
LU <M. (3.15c¢)

By introducing new variables

H=B"QB+R, (3.16a)
F=2ATQB, (3.16b)
HB K HA
G=1".1, w=|_-/, = (3.16¢)
M 0

we obtain the final form of the so-called dense matrix formulation of MPC:

min U HU + z(t) " FU (3.17a)
s.t. GU < w+ Ex(t), (3.17b)
where variable U represents the vector optimized variables and z(t) the parameter.

This form of the MPC problem is pre-constructed and the only unknown informa-

tion is the value of parameter x(t), which is usually obtained by measurement.
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3.5.1 Tracking

The objective function in (3.4a) forces the control inputs to converge the system to-
wards the origin, while all the constraints are respected. However often in practice,
a non-zero reference is required. Such a formulation is generally called a tracking

MPC setup. The goal is to track state reference x,or. In this case, the MPC is of

the form

N—1

min Y (||Qu(xk — Trer)l[p + | Quul]p) (3.18a)
k=0

s.t. xxyr1 = Az + Buy, (3.18Db)
xo = x(t), (3.18c¢)
zp € X, (3.18)
we €U. (3.18¢)

Alternatively, this problem can be reformulated in order to ensure that the outputs
of the system will track certain output reference y,or. Here, we assume that the

output equation is linear, i.e.,
y = Cx + Du, (3.19)

with y € R? denoting the vector of system’s outputs, which can be constrained

by y € Y where ) C R? is a polyhedron. The corresponding MPC problem then

becomes

N—1

min Y (11Qy (yr — wret)llp + |Quurll) (3.20a)
k=0

s.t. xxy1 = Axy + Buy, (3.20Db)
yr = Cxy, + Duy, (3.20c)
xo = (1), (3.20d)
z, € X, (3.20e)
u, €U, (3.20f)
yr €V (3.20g)

Note that this formulation is not able to eliminate the steady-state offset. This

fact is caused by the minimization of inputs in the objective function. The objective
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function tries to push inputs to zero. By this action states/outputs never could
reach reference, just getting as close as it is possible. If offset-free tracking is
required the optimization problem must be reformulated. The first method is called
steady-state approach. Here, we minimize the difference between the predicted
inputs and the corresponding steady-state values. The steady-state input uss, along

with the corresponding steady-state value of the state vector can be calculated from

Tss = Axss + Buss7 (321&)
Yref = Cxgs + Dsss. (321b)

To solve for x4 and ugs from (3.21), we can rewrite the two equations into the

ss 0
Tesl 2 , (3.22)
Uss Yref

from which x4 and yss can be computed relatively easily, while we consider that

compact matrix form
I-A -B
C D

the matrix in the left-hand-side is invertible.

Then the offset-free tracking MPC problem is given by

N-1

min Y ([1Qy(Yr — yret)llp + [1Qu(ur — uss)lp); (3.23a)
k=0

s.t. xpy1 = Azg + Buy, (3.23b)
yr = Cxy, + Duy, (3.23¢)
xo = x(t), (3.23d)
T, € X, (3.23¢)
we €U, (3.23f)
yr € V. (3.23g)

Another possibility to eliminate the tracking offset is to employ the so-called Au
formulation. Here, instead of minimizing the control inputs directly, we optimize

over their increments, i.e.,
Auk = U — Uk—1- (3.24)

The objective function then becomes

N-1
min Y~ (1Qy Wk — Yrer)llp + [|Qaulul]p). (3.25)
k=0
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Moreover, the constraints need to be modified such that they are a function of the

increments. This can be achieved by defining an auxiliary dynamical system

T
B R (3.262)
U, 0 I |ug—1 I
Thk+1 A Tk B
i 2 [
y. = |C D [ + D (3.26Db)
- - | Uk—1 \_’J
" D
c
Then the complete MPC tracking problem becomes
N—-1
min Z (1Qy (W — Yre)llp + [[Qaudurllp), (3.27a)
k=0
s.t. Tpy1 = Afk + BAuk, (3.27b)
yr, = Cax + DA, (3.27¢)
t
f=| T (3.27d)
u(t—1)
Hpuip < Know  Hygi < Ky, (3.27e)
where
Ty € X = Hxxt_;,_k S KZ" (328&)
ug €U = Huut+k < Kua (328b)
Hy 0 T < K (3.28¢)
T . .28¢
0o H,| |k,
—— ——
HAu f(Au,

Practical applications usually have slew rate limits, which means they are not able
to make big changes in control action. For example, the valve cannot be fully open
at one time and the next step totally closed. This kind of approach can radically
decrease the lifetime of the equipment. Therefore Au formulation can be changed
by adding one additional constraint, which bounds the changes between control

actions:

Atumin < Au < Atpaz, (3.29)



62 CHAPTER 3. MODEL PREDICTIVE CONTROL

where Auyin is a minimal decrease in the value of the control variable, subsequently
Aumax represents the maximal increase in the value of the control variable in one

control step.

3.5.2 Move Blocking

The complexity of MPC problems grows proportionally with the value of the pre-
diction horizon. This complexity can be decreased in two ways. One option is
to decrease the value of the prediction horizon. However, doing so has a negative
impact on the performance of the MPC strategy. An alternative way is to split
the prediction horizon into two parts (Maciejowski, 2002). The first part, called
the control horizon (N.) specifies the number of optimized control inputs. Then
in the remainder of the prediction window, from steps N, to IV, one assumes that
the control inputs are fixed to the last computed value. This allows to reduce the
number of optimization variables. Needless to say, if IV, is too short compared to
N, one can expect such a controller to exhibit a large amount of suboptimality.

The corresponding mathematic formulation of the move blocking MPC formulation

is given by
Ne—1 N-1
min > (1Qukll, + 1Quuxl,) + > 1Quxl, (3.30a)
k=0 k=Nc
s.t. xxr1 = Axy + Buy, (3.30Db)
zo = x(t), (3.30c)
xp € X, (3.30d)
up €U, (3.30¢)
UNetk = UNe—1, (3.301)

where the last constraint represents the blocking condition.

3.5.3 Soft Constraints

Sometimes MPC formulation can lead to infeasibility. This is usually caused by
so-called hard constraints. These kind of constraints must be satisfied at all time.
In the industry, it can represent safety boundary for pressure or maximum opening
of valve cant be more than 100 %. There exist another type of constraints which

can cause that the MPC problem will be always feasible. This kind of approach is
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used when a small violation is allowed. Hard constraints can be softened by adding
non-negative slack variables. However, these slack variables need to be penalized
in the objective function as to discourage MPC from violating the constraints too

often. The corresponding mathematical formulation of the MPC problem is given

as
N-1

min Y (1Qyurll, + 1Quurll, + Qs,ySy.r + Qs,uSuk (3.31a)
k=0

s.t. rp1 = Azy + Buy, (3.31Db)

yr = Cap + Duy, (3.31c)

zo = x(t), (3.31d)

Umin — Suk < Uk < Umax T Su ks (3.31e)

Ymin — Sy.k < Yk < Ymax T Sy.k> (3.31f)

Suk > 0, (3.31g)

Sy 2 0, (3.31h)

where s, and s, are the slack variables which soften the constraints on the k-th

predicted input and output, respectively.

3.6 Explicit Model Predictive Control

Even though several efficient solvers exist to solve the MPC problem quickly at each
sampling time, the runtime of the optimization can still be prohibitive when target-
ing implementation of MPC to systems with fast dynamics. Moreover, these solvers
are usually applicable only on expensive hardware, which is not so common in the
industry. Hence, the industry requires hardware which will permanently work for
long years in the unfavorable environment, like dusty, acidic or moist environment.
Due to these reasons, programmable logic controllers (PLCs) are predominant in
the industrial setup. This type of implementation hardware typically provides only
small computational power and a limited amount of memory. To implement MPC
on PLCs is therefore challenging. One way to accomplish this task is to employ
explicit pre-compute the optimal solution to a given MPC optimization problem for
all possible values of the initial condition (Bemporad et al., 2002). Subsequently,
the pre-computed solution is stored in the simple hardware and is used to identify

optimal control inputs on-line for a particular value of the initial condition. It can
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be shown that for a rich class of MPC problems, specifically for those which can
be formulated as linear or quadratic problems, such a pre-computed solution takes
a form of a piecewise affine function. The identification of optimal control inputs
thus boils down to a mere function evaluation. Such a task can be done quickly
even with limited computational resources. This approach often called the explicit
MPC approach (Kvasnica (2011)), is elaborated next. Specifically, we show how
to obtain the analytical representation of the piecewise affine optimizer and review
its properties.

The construction of the explicit controller is a complex procedure. In practical

application we are interested in parameters only in a given polytopic set K:
K={z|Tx <V} (3.32)

At the beginning one LP with equations (2.44a, 2.44b) is solved for x(t) = xq
and xyp € K. Afterward the indices of active and inactive constraints are deter-
mined. Subsequently, the objective function (2.50) and input (2.49) are calculated
as functions of parameter xy. The critical region where the above mentioned affine
properties are valid is computed by (2.51). Since the explicit solution usually con-
sists of more than one region, this procedure must be carried out repeatedly. This
procedure is given in Algorithm 3.1. The algorithm does not only construct the
polytopic critical regions, but also constructs the PWA control law and also the
PWA/PWQ objective function defined over those critical regions. With such an

information in hand, everything is ready for the implementation phase.

3.7 Point Location Algorithms

The parametric solution of the optimization problem presented in (2.40a) is in the
form of PWA function defined over polytopic regions. The way of obtaining the
optimal value of the optimization problem as a function of the parameter is called
a point location problem. In the following section, three different point location
algorithms will be presented. Namely, the sequential search, extended search via
objective function and binary search tree will be discussed. Other methods include
works of Nguyen et al. (2015) if the objective function is linear; Herceg et al. (2013b)
and Wang et al. (2007) exploited adjacency list that is inherently associated with
the polytopic partition of the PWA function. However, a common drawback of the

referenced approaches is that they can only be applied to continuous feedback laws.
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Data: mp-LP / mp-QP formulation per (2.44) or (2.52)
Result: Multiparametric solution
1 initialization: z¢ € K, Q = {z0};
2 while Q # {} do
3  zo=0@1
4 Q=0\9
5 Solve LP equations (2.44a, 2.44b) or equations (2.52a, 2.52b) for = =
6 Obtain the optimizer U* from (2.49)/(2.59)
7 Obtain the value function J* from (2.50) /(2.60)
8 Obtain the critical region R from (2.51)/(2.63)
9 Find a point on each edge of the critical region
10 Make small step in the direction of normal vector of edge to obtain
points Tynew
11 if ZTpew € KA Tpew € UiR; then

12 Q= 9UZpew
13 end
14 end

Algorithm 3.1: mp-LP / mp-QP algorithm
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3.7.1 Sequential Search

The sequential search is the easiest of the point location algorithms. Each critical

region is defined in the form of linear inequalities (3.33).

If the optimization problem has a solution then there is at least one critical region
R; which contains the parameter x. The goal is to find the index of the region i,
where the point x is located. If the PWA control law is a continuous function the
values of the optimal control action even on the edges of the critical regions are
identical. Therefore, it is enough to find the first critical region, which contains the
parameter z. In the worst case, the point location algorithm needs to go through
all of the M critical regions. After finding the critical region there is no need to

continue in searching and the point location algorithm can be terminated.

Data: Feedback laws I}, g;, critical regions R;, number of regions M, state
measurement x
Result: Optimal control input
1 fori=1,...,M do
2 if x € R; then

3 return u* = Fyx + g;
4 end
5 end

Algorithm 3.2: Sequential search for continuous functions

The procedure of sequential search is described in Algorithm 3.2 where F; rep-
resents the affine part of the control law. In general, it can be stored as a matrix
or a two-dimensional array. Variable g; stands for the affine part of the control
law and it can be stored as a vector or one-dimensional array. Critical region R;
represents the i-th critical region. It can be represented as an abstract class as
it is implemented in the Multi-Parametic Toolbox or as a combination of matrix
and vector, respectively: one two-dimensional array for the left-hand side of the
halfspaces and one one-dimensional array for the right-hand side of the halfspaces
(3.33). Variable M represents the number of critical regions. z represents the
parameter of the optimization problem. In the context of MPC it contains infor-

mation about the state variables. It is a vector or one-dimensional array. The
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result of the Algorithm 3.2 is the optimal control input, which is the solution of the
general MPC problem defined in (3.4). This has a form of the vector type variable

or one-dimensional array.

3.7.2 Extended Sequential Search

The point location algorithm defined in the previous section should be used only
for a parametric solution with continuous control law. Generally, after applying
some of the complexity reduction techniques on the parametric solution the final
approximated control law does not need to have a property of continuity. This
means on the edges/boundaries of the neighboring critical regions the values of the
calculated control actions are not identical. The another way when discontinuity
occurs is when the critical regions overlap. This may happen with hybrid prediction
models (Camacho et al., 2009). The lack of continuity may also happen when the
system has inputs with binary characteristics. In the practical application due to
some noises, it can lead to mechanical stresses, which can influence the control
performance and also shortens the life span of the systems actuators. The way how
such a discontinuity of the PWA control law could be tackled is presented in this
section. The idea of solving such a problem lies in finding the indices of all regions
which contain the parameter x. Based on the set of indices the objective function
is evaluated and the index with the least calculated value is used to obtain the
optimal control action. The procedure of the extended sequential search is defined
in Algorithm 3.3, where variables F;, g;, M and R; has the same structure as in
Algorithm 3.2. The only added variable is presented by Z, which is an extendable
array like variable.

At the beginning, the set of admissible indices Z is set to empty. After each
iteration, the next critical region is checked. If the parameter = fulfills conditions
H;x < h; then the index 7 is added to the set Z. In the penultimate step, the index
is chosen by defined criteria i*. The algorithm returns optimal control action, based
on an affine function defined over the i* critical region.

Based on the cardinality of set Z 3 different scenarios may occur:
1. |Z| =0, i.e., the set 7 is empty;
2. |Z| = 1, i.e., the set contains exactly one index;

3. |Z] > 1, i.e., there are several candidate critical regions.
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Data: Feedback laws Fj, g;, critical regions R;, number of regions M, query
point x
Result: Optimal control input
1720
2 fori=1,...,M do
3 if x € R; then

4 T —TU {’L}
5 end
6 end

7 Select i* € T

Output: u* = Fj«x + g+
Algorithm 3.3: Sequential search with tiebreaks

In the first case when the cardinality of the set Z is empty, it means no fea-
sible solution was found during the investigation of the critical regions. In this
case generally, a NaN (Not a Number) string value is returned which indicates
the optimization problem for the given parameter = is not located in the feasible
domain.

If the cardinality of set 7 is 1, it means only one region contains the given
investigated parameter . This happens when parameter x is located in the strict
interior of the critical region.

If there are more than one critical region that contains the parameter then x
is situated at the boundaries of two neighboring critical regions. Since the value
of optimal control action in each region could be different an optimal objective
function’s values is used to choose the index of the correct region. Based on the
form of the objective function of the optimization problem the cost function of the

parametric solution could be of the form
Ji(z) = e + i (3.34)
in the case of PWA function and
Ji(x) = vz 4+ oz + G (3.35)

in case of PWQ function. The right index i is then selected by evaluating the PWA

or PWQ function, but only over regions with indices being in set Z. Afterward,
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the index which corresponds to the minimum value is used to calculate to optimal

control action. The index i* representing the minimal value is presented in (3.36)

i* = arg min; e J; (). (3.36)

Both of the point location methods could be relatively easily implemented in
low-level and even in high-level programming languages. The procedures presented
in Algorithm 3.2 and Algorithm 3.3 are division free, which means the procedure of
validation is also easier since there is no need to investigate division by zero. The
only required operations in the presented algorithms to obtain the optimal control

input are matrix multiplication and addition.

3.7.3 Binary Search Tree

Binary search tree is a fundamentally different approach to the previously presented
point location algorithms. In the case of Algorithm 3.2 we need to go through
every critical region and in Algorithm 3.3 every time all critical regions must be
investigated. The idea of binary search tree presented in Tgndel et al. (2003)
is to split the set critical regions based on their geometric properties into smaller
groups. The investigated groups are chosen based on simple comparable conditions.
If the binary search tree is symmetrical the number of critical regions compared to
the required operations are exponentially higher. For example, if the parametric
solution consists of 8 regions and the binary search tree is symmetrical only 3
comparison operations are required to obtain the right index of the region. In this

case, the minimal number of steps could be computed as follows
2k > M, (3.37)

where M represents the number of regions and k is the number of required compar-
ison operations. The graphical representation of the structure of the binary search
tree is depicted in Fig.3.2(a) and in Fig.3.2(b).

In the case of binary search tree the following properties used to be considered:
1. size of the tree (number of all nodes)
2. roots (number of logical connection between nodes)

3. number of leaves (last nodes, doesn’t contain logical test)
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Figure 3.2: Binary search tree.

Data: Binary tree T, control laws F;, g; defined over regions R;, state
measurement x(t)
Result: Optimal control input

i1=1
while True do
if T(i)x(t) <0 then
1 T(i,left)
end
else
i« T(i,right)
end
if © <0 then
i* — abs(i)
u*(t) « Fypx(t) + gi=
break
end
end

Output: u*(t) = Firx(t) + g
Algorithm 3.4: Binary search tree
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4. depth (number of levels)

The number of leaves represents the individual critical regions, while the nodes
contain information for the logical test. Each subtree has all the properties of binary
search trees. The most interesting information is the depth, which is the indication
how many logical tests must be performed in the worst case in order to obtain the
optimal control action. Each logical test in the best case allows to skip the half
of the remaining unchecked regions. Therefore, this method is the most effective
evaluation of the parametric solution. The algorithm of evaluation of binary search
tree is presented in Algorithm 3.4 where T'(i) represents the information for the
logical tests saved in the nodes of the binary search tree, and it could be saved as
matrix type variable or two-dimensional array. If variable i is set to the negative
value, it means the iteration reaches the leaf of the tree and the control action
u* could be calculated by the evaluating the local affine function. However, the
online computation is much more computationally demanding as in the case of
sequential search methods. The construction of the tree, in case the number of
regions is relatively high and/or the dimension of the investigated parametric space
is also higher, is computationally more demanding. Since the construction of the
tree similarly as a computation of the parametric solution is done in the offline
phase, the binary search tree method in the online phase does not suffer from any
disadvantages. Therefore, it is popular and desired method.

All of the above algorithms mentioned are suitable for control of a chosen ap-
plication or process. In the following chapter the goal is to introduce the details
of implementation of the above mentioned point location methods in different pro-

gramming languages in order to control nontrivial processes.

3.8 Summary

This chapter briefly described the MPC control technique. It has many advantages
and thanks to its natural capability to handle systems constraints became a widely
adopted control approach in the academic field and industry. The appropriately
defined objective function purpose is to minimize the necessary cost of the inputs
to the systems. However the computational cost of the control action by MPC
technique is the main drawback, EMPC could bring this advanced approach to

the low-cost hardware. Since during the evaluation of EMPC does not require
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complicated operations, such matrix inversion the implementation is relatively easy.
The way of extracting the optimal control action for different initial parameters is
so called point location problem. Three different point location approaches were
also introduced. Each of them has different computation demand. The user should
choose from the mentioned methods based on the parametric solution. In case the
number of regions is small and the control law is continuous the sequential search
method is preferred is preferred. If the control law is not a continuous function the
extended sequential search may be a good choice. In case the number of regions is

high it is worth to consider binary search tree.
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Chapter

Overview of Contributions

This part of this thesis introduces our novel theoretical and practical results. The-
oretical novelties are summarized in Chapter 5. Here, two schemes for reducing
the complexity of explicit MPC controllers are presented. The first approach re-
ported in Section 5.1 reduces the complexity in two steps. First, the optimal PWA
value function is approximated by a different PWA function in such a way that
the new value function preserves guarantees of closed-loop stability and is simpler
compared to the original one. The simpler approximation is found by solving a
nonlinear optimization problem which originates from Karush-Kuhn-Tucker opti-
mality conditions. Once solved, the solution then encodes a simpler PWA value
function from which the (simple) feedback law can be recovered using triangulation.
This results in a simple PWA feedback law which, when applied in a closed loop,

provides guarantees of recursive constraint satisfaction and closed-loop stability.

The second complexity reduction approach, summarized in Section 5.2, finds a
simple PWA feedback law by directly approximating the original (complex) explicit
MPC controller. The idea here is first to synthesize a simpler polytopic partition
over which the new controller will be defined. This is done by solving a simpler
MPC problem with a smaller value of the prediction horizon. To guarantee that
the new problem covers all feasible states, we employ control invariant sets as
state constraints. To find the local controllers associated with each region, we
solve a convex function approximation problem. To do so, we rely on triangulation

of the original regions into simplices, followed by employing a well-known function

(6]
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approximation technique. By approximating the original feedback law in an optimal
fashion we are able to reduce the amount of suboptimality. Results of such a
procedure are demonstrated on an illustrative example.

Subsequently, in Chapter 6 we present our new code generation framework
which serves to automatically generate executable code for explicit MPC feedback
strategies. We cover two scenarios. In the first one described in Section 6.1 we
show how to export explicit MPC into Python. The main idea here is to extend
the scope of explicit MPC beyond Matlab. We show how the code is generated
from the users’ perspective and describe in detail its function. The merging of
the exported code with the target Python-based application is illustrated in two
real-life case studies. The first one, reported in Section 6.1.1, shows the application
of Python-based explicit MPC to control a popular computer game. In this section
we guide the reader through all steps, starting from the modeling of the game,
through the construction of a suitable MPC controller up to its implementation
to the game. Results reported in the section show that MPC-based players are
superior to their human counterparts. The second application in Section 6.1.2 then
demonstrates explicit MPC design and implementation for a quadcopter. Experi-
mental results are provided to demonstrate the approach. Export of explicit MPC
to the JavaScript language is then covered by Section 6.2. Here, the objective is to
allow explicit MPC to run inside a web browser and to utilize the computational
power of computers and hand-held devices such as phones or tablets. The section
explains the generated code and shows how it can be used. Applicability of the ap-
proach is then demonstrated on a simulation case study which involves the control
of a temperature inside a building with the explicit MPC controller running inside
a web browser.

Finally, Chapter 7 presents two real-life case studies. The first one, presented
in Section 7.1, deals with MPC design and implementation for a hard chromium
plating process. Due to the underlying nonlinear nature of the plant, we investigate
three different MPC setups. The first one is based on the full nonlinear model of the
plant and serves as a performance benchmark. Needless to say, implementation of
MPC in such a case requires solving non-convex nonlinear optimization problems,
which is a time-consuming task. Therefore, two alternatives are investigated. One,
called linearized MPC, employs a linear approximation of the nonlinearities which
is updated at each sampling instant given the current plant’s conditions. However,

because the prediction model is constantly updated, this prohibits the use of explicit



7

MPC which requires a fixed prediction model. Therefore the second approach
employs a fixed linearization to design the controller. The performance of all three
setups is compared together with the required implementation effort. The second
case study in Section 7.2 investigates a magnetic manipulator system. Here, the
task is to control currents injected into coins which in turn create a shaped magnetic
field that moves a metallic ball. The objective is to control the currents in an
optimal fashion such that the ball follows a prescribed reference. To cope with
nonlinearities we split the control design task into two parts. One uses a linear
model of the motion to design the required forces on the ball. The second part
then uses an inverse model of the nonlinearity to compute currents for individual

coils such that they create a required force field.






Chapter

Complexity Reduction in Explicit
MPC

Explicit model predictive control (EMPC) becomes a preferred control strategy
when there is a need to implement MPC on a hardware with limited capabilities
or for systems with fast dynamics. The main advantage of EMPC is the fact the
optimization is shifted offline. At this stage, the optimization problem is solved by
parametric programming as it was introduced in Section 2.9. The solution is of the
form of a piecewise affine (PWA) function defined over polytopic regions. Then,
in the online phase, there is no need to perform numerical optimization. Instead,
optimal control actions are obtained by evaluating the PWA function for current
state measurements. This evaluation is done by solving the point location problem,
as described in Section 3.7. This method requires only simple matrix operations
such as summation and multiplications, and therefore EMPC is suitable also for
hardware with limited computational resources.

The main limitation of EMPC, however, lies in its complexity, most usually
expressed in term of the number of regions over which the PWA feedback law is
defined. For large prediction horizons and/or for systems with a large number of
states the complexity can quickly become prohibitive from a hardware point of
view. Therefore, it is of imminent importance to synthesize simple explicit MPC
controllers with a reasonably low number of regions. In this chapter, we present

two techniques for finding simple explicit MPC feedback laws.

79
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Technically speaking, we aim at solving the following problem: we are given a
(complex) explicit MPC controller whose number of regions exceeds storage lim-
its. The task is to replace this complex controller by a simpler one, defined over
a smaller number of regions. Moreover, we require the simpler feedback law to
exhibit certain desired properties, such as closed-loop stability, recursive constraint

satisfaction, and a mitigated suboptimality.

In the sequel, we present two ways of solving this problem. In Section 5.1 we first
approximate the optimal value function as to find a new one of lower complexity.
Since the approximated function is bounded from above and from below by the
optimal cost, it maintains closed-loop stability and recursive constraint satisfaction.
Subsequently, the (simple) feedback law is recovered from the approximated cost
function via triangulation. The second approach presented in Section 5.2 directly
approximates the original (complex) feedback law by a simpler PWA function. The
approximation is done in such a way that the amount of suboptimality, represented
as the integrated squared error between the original feedback and its approximation,

is minimized.

5.1 Bounded PWA Approximation of the Cost Func-

tion

In this section, a complexity reduction technique will be introduced which uses
bounded PWA approximation of the cost function. This result was published in
(Holaza et al., 2012). The result of this approximation technique is a simpler cost
function which is bounded from below and above and this simpler function is defined
over a smaller number of critical regions. It is possible to recover the feedback law
from the new cost function in the form of PWA function defined over polytopic
regions by triangulation and interpolation (Jones et al., 2007). One nonlinear
programming problem (NLP) needs to be solved to obtain the coefficients of the
approximated cost function. The presented method is suitable only for objective

functions which are piecewise affine.

Let us consider an MPC problem with the following setup:
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N1
J'(@o) = min Z 1Quwrllp + 1Quue (5.1a)
s.t. CU;H = Az, + Buyg, (5.1b)
rp € X, (5.1c)
up €U, (5.1d)
zn €T, (5.1e)

with p = 1 (cf. (2.9)) or p = oo (cf. (2.11)). We also consider polytopic state
constraints X', input constraints I/ and a polytopic terminal set 7. Control problem
defined in (5.1) can be easily transformed into a mp-LP problem of the form (2.44)
and solved parametrically using an mp-LP algorithm as shown in Section 2.9. The

parametric solution to (5.1) then yields a piecewise affine optimizer uf(xo), i.e.,

Fix+ g if v € Rq
u*(x) == : (5.2)
Frx+gr if x € Rp,

along with a PWA representation of the optimal cost function J*(zg) with

ClTl‘ +d; frxeRy
J*(x) = : (5.3)
cl—;x—&—dR if z € Rg.

Here, R;, i = 1,..., R are the underlying polytopic regions of these two functions
with R denoting the number of regions. If the penalty matrices @), and @Q,, along
with the terminal set 7 are designed in a proper way, the cost function in (5.3) is

a Lyapunov function.

The goal is to find an another PWA continuous function J(z) which is defined

over (@ regions with @ < R. We also require J(z) to be a Lyapunov function. This

property can be obtained if J(x) is bounded from below by J*(z) and from above
by J*(x) + £(x,u) where {(z,u) = |[|Qux|l, + [|Quullp is the stage cost. Formally,
we require that

T () < J(z) < J*(x) + L, ). (5.4)

If J(z) satisfying (5.4) can be found, the associated simple feedback law (z)

can be recovered using triangulation and interpolation.
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Our objective is hence to find J(x) which is bounded as in (5.4) for all states

x. To simplify the exposition, we define the lower bound J*(x) as
Jow(@)=clez+d;ifr €eRy, i=1,...,R, (5.5)
and the upper bound, i.e., J*(x) + {(z,u), by
Jup(r)=¢le+diifxr€Ry, i=1,...,R. (5.6)
We aim at finding the function
J(x) = max{az + fi}, (5.7)

i.e., to find the parameters a; and §;, i = 1,...,@Q, such that J(z) of (5.7) satis-
fies (5.4) for all x from the domain of J*(z).
Bounding a PWA function from above, i.e., to get J(z) < Jy,(z) is easy once

we know the vertices of regions R; over which J,,(z) is defined. In particular,

denote by V; the vertices of R; for ¢ = 1,..., R. Then J(z) from (5.7) is upper
bounded by J,,(x) if and only if

ml?x{aZvj + B} < T vy +di, Yo € V. (5.8)

To get rid of the maximum in (5.8), we enforce the constraints to hold for all

k=1,...,Q:
Oz;’l)j + B < 52—1)]‘ +E¢,V”Uj € V;, vk, Vi. (59)

This is a set of linear constraints in c; and 3; since the vertices v; are considered
to be constants.

Bounding J(z) from below by J*(x) is less straightforward. Even when x is

restricted to be contained in R;, the problem is to guarantee that
clvj+d; < J(x),Vr e R, (5.10)

holds. Rewriting (5.10) gives

J(x fg;rv-fgliZO,V:vGRi. 5.11
b

Then the relation in (5.11) holds if and only if

* = mi —clv;—d, 1
' = min (J(2) — ¢ v; — d) (5.12)
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satisfies
z*>0. (5.13)

By introducing a new scalar variable ¢ € R it is possible to rewrite J(x) in the

following way
J(z) = min{e | € > o x + B, VE}. (5.14)

Then we cast (5.12) as
2 =minfe —¢] v —d; | € > aj x+ B, Aix < b, Vk}, (5.15)

where A; and b; are the matrices/vectors of the half-space representation of region
R;asin R; = {x | Ajx < b;}.

The set of constraints defined in (5.15) are nonlinear in unknown variables oy,
Ok, € and z. The optimization problem in (5.15) can be rewritten by using the

Karush-Kuhn-Tucker conditions as

af x* + B — € <0, (5.16a)
Ajz™ < by, (5.16Db)
A >0, (5.16¢)
@t >0, (5.16d)
(of % 4 Br) T A; =0, (5.16¢)
(Ajz* — b)) T p* =0, (5.16f)
N
1= A =0, (5.16g)
k=1
Q
—¢;+ Y (o \p) + Al p* =0, (5.16h)
k=1

Here, (5.16h) represents the derivation of the Lagrangian, (5.16a) and (5.16b) ex-
press the primal feasibility conditions and (5.16¢) together with (5.16d) the dual fea-
sibility conditions. The complementary slackness condition is presented in (5.16e)
and (5.16f). Note that constraints (5.16) are nonlinear in the decision variables e,
A, i, x, a and (.

Let ¢* and z* be the feasible solution to (5.16). By representing z* = ¢* —

¢/ ¥ — d;, we can rewrite (5.11) using (5.13) as

& —clat—d; >0. (5.17)

)
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Relations (5.16) together with (5.13) therefore encode the lower bounding prob-
lem J*(z) < J(z) for all z in the domain of J*(z). If, moreover, (5.9) is also con-
sidered, then a feasible solution to the joint problem yields the parameters ag, G,

k=1,...,Q of an approximate cost function J(z) that satisfies (5.4). The final

problem is in the form

5.18a
5.18b

azvj+ﬂk§éjvj+3i, ijGVi,kzl,...,N,

—~

* T, %
€ —C T —diZO,

)

—~

apat + P —e <0, k=1,...,N, (5.18c¢
Ay < by, (5.18d

>0, k=1,...,N, (5.18¢

p* >0, (5.18f

(afa} +Be) A, =0, k=1,...,N, 5.18g

.~
N N N N N N N

(Ajzy —b) T p* =0, 5.18h
1= A =0, (5.18i
—¢; + i (@ Ajy) + Al =0, (5.18]

which is a nonlinear programming problem.

Once a feasible solution ay, fk, k = 1,...,Q is found for some fixed value of
Q, the simple feedback law @(z) can be recovered from J(z) using triangulation
and interpolation (Jones et al., 2007). To recover it, we need to obtain the vertices
of the new critical regions V;, where index ¢ distinguishes between the individual
regions. We calculate the optimal control action in each vertex V;, by evaluating
the original optimal control law UOptV,»' The parameters such as the slope and the

affine part of the new control law are calculated as

aaprxi U
- optvi
ﬁaprxi

where caprx, and Baprx, represent the coefficients of local slope and affine part in

Vi} , (5.19)

the i-th region of the approximated control law.

In the sequel the procedure is illustrated on example.
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5.1.1 Example
Let us consider a system with unstable with the following dynamics
Tpy1 = L1lxg + ug. (520)

We have designed MPC control problem for this system and considered constraints

on states and input variable of the form

—1<u<l, (5.21a)
—5<x<5, (5.21b)

the length of the prediction horizon N = 5, with weightings @, = 1 and @, =1
and Manhattan-norm p = 1. This kind optimal control problem can be solved as
mp-LP, since the objective function is linear and all the constraints are linear as
well. The result of this optimization problem is a PWA function of the objective
function and the control law is defined over 10 regions. The optimal cost function

and the optimal control law are depicted in Fig. 5.1.
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(a) Optimal cost function J*(x) (b) Optimal control law u* ()

Figure 5.1: Original EMPC controller.

The safe area, which is bounded below by the original objective function and
from above by the objective function shifted by the value of stage cost is depicted
in Fig 5.2(a), while the simplified one is shown in Fig. 5.2(b).

Both, the original control law and the approximated control law are depicted
in Fig. 5.4(a).

The controllers were also compared in simulations. The result, which represents

the different evolution of the controlled system is depicted in Fig. 5.4(b). For the
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Figure 5.2: Approximation procedure for unstable system.

Figure 5.3: Approximated control law.

chosen initial point zp = —5 both of the investigated controllers were able to
regulate the system, however the approximated controller is slower.

Table 5.1 summarizes a difference between the original and the approximated
controller. In this particular case the achieved memory reduction was 60%. How-
ever the approximated controller has worse performance, is still provides constraint

satisfaction and able to move the system to the desired origin.

5.1.2 Conclusions

In this section, a complexity reduction method was introduced. The proposed

method uses the properties of the objective function. This method is applicable



5.1. BOUNDED PWA APPROXIMATION OF THE COST FUNCTION 87

u(x)
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X Time [s]

(a) Control laws (b) Simulation results

Figure 5.4: Comparison of unstable system control laws: (a) the optimal (blue line)
and the suboptimal (red line) control laws; (b) the optimal (blue line)
and the suboptimal (red line) system responses. The regulation time

is shown by dashed lines with corresponding colors.

Properties ‘ u*(x) ‘ u(x) ‘
Number of regions 10 4
Memory footprint (Regions) 80 32
Memory footprint (Control law) (bytes) 80 32
Memory footprint (Total) (bytes) 160 64
Computation time (1077 s) 7.9 3.8

Table 5.1: Memory and runtime for the unstable system

only if the objective function is convex and PWA affine function. In order to achieve
memory reduction, the new objective function must be created over a smaller num-
ber of polytopic regions. Their number is the main memory consumer in case of
EMPC. Therefore, our goal is to reduce them. The new objective function is cre-
ated by using the proposed approximation technique. The goal of approximation
was formulated as NLP problem since there is a product in optimized variables.
The result of the optimization contains the values of individual slope and affine
part of the new PWA objective function. After the approximation procedure, the
control law is recovered. The main limitation of this approach is its computation

demand in higher state space. Since the number of optimized variables increases
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with the dimension of the state space dimension, the approach is suitable only for

smaller systems.

5.2 Nearly-Optimal Simple Explicit MPC

The results described in this section are one of the outcomes of the joint work with
Juraj Holaza from our Institute. This section is devoted to complexity reduction
method which is suitable also for higher dimensions of the state space. We present
a procedure that finds a simple PWA feedback law by directly approximating the
original (complex) explicit MPC controller. The key idea here is first to synthesize
a simpler polytopic partition over which the new controller will be defined. This
is done by solving a simpler MPC problem with a smaller value of the prediction
horizon. To guarantee that the new problem covers all feasible states, we employ
control invariant sets as state constraints. To find the local controllers associated
with each region, we solve a convex function approximation problem. To do so, we
rely on triangulation of the original regions into simplices, followed by employing
a well-known function approximation technique. By approximating the original
feedback law in an optimal fashion we are able to reduce the amount of subopti-
mality. Results of such a procedure are demonstrated on an illustrative example.
The results presented in this section are based on our work published in Takacs
et al. (2013).

5.2.1 Problem Statement

We aim to control linear discrete-time systems in the state-space form
Tpy1 = Az + Buy, (5.22)
with € R, v € R™. The system in (5.22) is subject to state and input constraints
r, €X, up €U, (5.23)

where X C R™, U C R™ are polytopes that contain the origin in their respective
interiors.

For the given model in (5.22) and constraints in (5.23), we formulate optimiza-
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tion problem of MPC as follows

U= arg minNz:lﬁ(xk, ug) (5.24a)
k=0

s.t. zx11 = Az + Buy, (5.24Db)

up €U, (5.24¢)

2o € Coo, 21 € Copo, (5.24d)

xo = z(t), (5.24e)

where uy, x) are predictions of the control inputs and states, respectively, at the
time step t + k. Next, @, and @Q, are weighting matrices, Ndenotes prediction
horizon and C is a maximal control invariant set. Maximal control invariant set
Cso can be defined as a set of all initial conditions zy € X from which there exists
at least one control input w € U such that, for all future time steps, states of (5.23)

are contained inside of this set 2511 € Cso, i.€. can by formulated as
Coo ={xo € X |Vk €N : Jup €U st.xpy1 = Axy + Buy € X'},

and computed iteratively. By solving optimization problem in (5.24) via parametric

programming, we obtain explicit solution p : R” — R™ in a form of
w=Fx+gjiftzecRy, j=1,..., M, (5.25)

which is a PWA function defined over M regions, with local affine gains F; € R™*"
and g; € R™. In sequel we define the problem, which illustration can be found in
Fig. 5.5.

Consider that we are given an explicit MPC feedback law as in (5.1). We aim

to devise a new explicit controller iz : R™ — R™ defined as

f(z)=Fa+g ifzreR;, i=1,...,M, (5.26)
with E e Rm™*" g, € R™ and M < M such that following statements hold:

R1: for each x € dom(u) the approximated controller provides recursive con-
straints satisfaction, on both input and state constraints, which means for all
the future time instances the system remains in within the state constraints.
Vt € N we have that pi(x(t)) € U and Axz(t) + Bpu(z(t)) € X'
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Figure 5.5: The function p(-), shown in black, is given. The task is to synthesize
the function zi(+), shown in red, which is less complex (here it is defined
just over 3 regions instead of 7 for u(-)) and minimizes the integrated

square error (5.27).

R2: fi(-) is constructed such the integrated squared error between PWA functions

w1(+) and fi(+), the domain of p(-), €, is minimized:
win | Ju(a) = (o)} da. (5.27)

where dz represents the Lebesgue measure of €2, see Baldoni et al. (2010).

Such an approximated control law fi(-) does not have an a-priori guarantee of
closed-loop stability, but it can be a-posteriori certified by constructing a suitable
Lyapunov function, see e.g. Ferrari-Trecate et al. (2002). Moreover, in order to ren-
der the origin an equilibrium of system (5.22), the requirements should be extended
by the constraint 1z(0) = 0.

5.2.2 Memory Reduction Technique

We approach to solve the problem in Section 5.2.1 via two steps. In the first step we
will construct a new (less complex) polytopic partition, which will be subsequently
used in the second step, where we find new local gains of fi(-) above each region

Ri.
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Polytopic Partition

Here, we aim to devise a new partition of polytopes U; R, such that M < M and the
domain of the original controller and the new one are identical, i.e., U;R; = U;R;
withi=1,...,Mand j=1,..., M.

We suggest to obtain UiR; by solving (5.24) again but with a shorter prediction
horizon. Thanks to the maximal control invariant in (5.24d) the feasible sets in
different prediction horizon length are identical, the difference is in the number M
of regions R;.

We note that the parametric solution of (5.24), with a shorter prediction hori-
zon, already yields a simpler explicit feedback law, which satisfies requirement R1.
However, since condition R2 is not guaranteed, i.e. degradation of performance
is not minimized, thus we remove this controller and preserve only its polytopic

partition.

Function Fitting

In what follows, we show how to optimize new affine gains of 1, such that both con-
ditions R1 and R2 hold. We propose to address this goal by following optimization
problem:

win | Jue) i)} do (5.280)
Fi,gi JR;

- |Ez+3eu,
st. Ve e R, : ~ (5.28b)
Az + B(Fix + g;) € Coo,

where the objective function (5.28a) imposes condition R1, the first constraint
in (5.28b) ensures recursive satisfaction of inputs and states constraints, i.e. con-
dition R2. There are, however, two main obstacles, which prohibit application of
the optimization problem in (5.28).The first issue represents the integral over a
polyhedron R; in (5.28a) over which (z) may be still a PWA function. And the
second issue is that constraints in (5.28b) have to hold Vx € R, thus for infinite
number of points.

To tackle the first issue, we propose to reformulate (5.28a) into the following
form

win Y [ (B~ g) - (B +53) [ do, (5.29)
Fi;gijeji Q

2
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where Q; ; denotes intersections between region R; and Rj, ed.
Qi =RiNR;,Vje{l,...,M}. (5.30)

Next, to obtain an analytic expression for the integral, we use the result of (Lasserre
and Avrachenkov, 2001), extended by (Baldoni et al., 2010), where authors have
proposed an integration formula of a homogeneous polynomial f of degree d in n

variables as

[rwa= 3 S aeaf (D ), (5.31)
A 1<i < <ig<ntl eg{£1}d
where s1,...,S,4+1 are the vertices of an n-dimensional simplex A and
ol(A
()

with vol(A) denoting the volume of the simplex. Note that formula in (5.31)
can not be directly used in (5.28) as polyhedral intersections in (5.30) are not
necessary simplices. We approach this problem by dividing each intersections Q; ;
into simplices A; j1,..., A j k With int(A; jx,) Nint(A; jx,) = 0 for all k1 # ko,
and UpA; j = Q; ;. Then we can rewrite (5.29) as a sum of the integrals evaluated

over each simplex:

min Z/ (Fjz = g;) — (Fyz + ) |3 da, (5.33)
LJ k

Figi je g, k=1
where K is the number of simplices tessellating Q; ;. Next, integral error in (5.29)
is not homogeneous function. To see this, expand f(z) := ||(Fjz+g;) — (Fiz+§:)||2
to f(x) := 2T Qx + rTx + q with

Q = FI'F; — 2F;F, + FI'F, (5.34a)
r = Q(F]ng + ﬁiTgi - ﬁing - F]Tgl), (534b)
q=9]9; — 29, 9 +9; Gi- (5.34c¢)

Now, we can see that f(x) is a quadratic function with optimized variables E and

gi- Let us now split f(z) into its monomials as follows:

/Af /fquad /flm /Afconst, (5.35)

where fyuad(z) := 27 Qz, fin == rTa and feonst := ¢. Moreover, integrand dz is

neglected for simplicity. Now, as f(x) in (5.35) represents a set of homogeneous
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polynomials of degree 2, 1 and 0, respectively, which are defined over simplices A,
we can use the analytic formula in (5.31) to integrate error in (5.33).

Now, we will aim to tackle the second problem, where we need to ensure that
constraints in (5.28b) hold Yz € R;. Since both sets ¥ = {u|Huu < hy} and
Coo = {x| Hex < he} are assumed to be polytopes, they can be represented as a

set of linear inequalities with substitution u = EJ: + g; as follows

Ve eR;: f(z) <0, (5.36)
with B
HuFi HuNi - hu
fla) = N . (5.37)
HC(A+BFi) Hcgi _hc
By denoting V; = {v;1,...,Vin,,}, Vi,j € R™ to be a set of all vertices of ﬁi, we

have that (5.36) holds if f(v; ;) < 0 is satisfied for all vertices.

The final form of the optimization problem could be expressed as

K

win 33 [ (B2 - ) - (B 5 do (5.389)
’“g‘jeji k=1 Ai gk

~ Fuig+3i €U,
s.t. Y, ¢ € vert(R;) : _ (5.38Db)
Av; o+ B(Fivi 0+ Gi) € Coos

where vert(R;) enumerates all vertices of the corresponding polytope.

5.2.3 Illustrative Example

The above described method will be demonstrated on a second order, discrete-time,

linear time-invariant system. The dynamics of the system could be expressed as

(5.39)

ot 41) = l 0.9539 —0.3440] (1) + [—0.4817] (),

—0.4833 —0.5325 —0.5918

This system has also state —10 < z;(t) < 10, Vi € {1,2} and input —0.5 < u(t) <
0.5 and input constraint. The values of weighting matrices for the complex explicit
controller are @, = Iax2, @, = 2 and the length of the prediction horizon is
N = 20. TIts explicit representation was defined over M = 127 critical regions
and it is depicted in Fig. 5.6(a). Several different prediction horizons were used to

construct the new domain U;R;. Especially N = {1,2, 3,4} values were considered,
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0 0

Xy i X
(a) 127 regions of u(-). (b) 5 regions of f(-).

Figure 5.6: Regions of the complex controller p(-) and of the approximate feedback

()

Table 5.2: Complexity and suboptimality comparison for the example.

’ N ‘ # of regions | Subopt. simple | Subopt. approximated
1 3 60.8 % 25.1%
2 5 32.9% 18.0%
3 11 11.4% 8.3%
4 17 6.9% 1.7%

while the number of corresponding regions were M = {3,5,11,17}. The new
regions for prediction horizon N = 2 are presented in Fig. 5.6(b). After that
another explicit controllers were constructed with the same prediction horizon for
comparison purposes. A closed-loop simulations for 10000 was performed with
equidistantly spaced initial conditions from the domain of u(-). In each simulation
we have evaluated the performance criterion Jg, = Zfil xZTmel + uiTQuui for
Ngim = 100. The results are reported in Table 5.2.

The performance of the controller constructed via approximation is better com-
pared to the simple controller assuming the same prediction horizon. It is important
to mention that the performance of the approximated controller compared to the
simple controller is higher, it’s memory demand remains the same. Therefore this
approach biggest benefit is the chance to increase the performance of the controller

while the requirements remain the same.
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5.2.4 Conclusions

In this section a complexity reduction technique was introduced. The memory
demand of the parametric solution can be reduced in 2 steps. In the first step a
new partition is created by solving an optimization problem, which comes from
MPC problem formulation with a shorter prediction horizon. It is mandatory that
the domain of the EMPC controllers with longer and shorter horizon to be the
same. The approximation is performed over the parametric solution with fewer
critical regions. The result of the approximation is the new control law, which is
defined over a smaller number of critical regions. Moreover, the performance should
be better than that of EMPC controllers with smaller prediction horizon. Thus, a
significant memory reduction can be achieved even in the higher dimensional state

space.

5.3 Summary

In this part of the work two complexity reduction techniques were presented. The
first introduced method is applicable only for problems which could be solved as
mp-LP. Since the form of the objective function is a PWA function the presented
approximation method can be implemented. Another function is created by shift-
ing PWA objective function by the value of stage cost. The created tube is located
between the original PWA objective function and the shifted one. If it is possi-
ble to find an another PWA function, which is situated in this tube then a new
control law can be created by triangulation and interpolation. The goal is to find
such a function, which is defined over a smaller number of polytopic regions as the
original parametric solution. We look for the slopes and affine parts of this PWA
function. The problem can be formulated and solved as NLP. Since the computa-
tional complexity is high, this method is applicable mainly for lower dimensional
problems.

The second introduced method uses the information about the function of con-
trol law. The idea is to create an approximated control law, but over less amount
of regions. This approach could be divided into two procedures. In the first pro-
cedure the original MPC problem is solved and subsequently the same MPC with
lower prediction horizon as well. It is important to incorporate the maximal control

invariant set to the MPC constraints. This ensures that the feasible domain will
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be always the same. Approximation of the control law is performed over the less
complex domain. This is achieved by dividing the polytopic critical regions into
simplices and by approximating the control law over the simplices. The approxi-
mation error is calculated as a sum of integrals over the simplices. The goal is find
the local gain and affine part. This problem can be formulated as QP. The new
approximated controller has better performance than the original simple control
law, while its memory demand is lower than the complex controller’s one.

We have shown that in both cases significant memory can be saved by applying
the discussed approaches. This added value could bring advanced control technique
such MPC even to low-cost hardware. However by using approximation techniques
the memory demand is reduced, the user should realize that there is always trade-off

between the memory demand and the performance of the controller.



Chapter

Code Generation for Explicit MPC

Explicit model predictive control (EMPC) as presented in Section 3.6 allows to
implement MPC as a feedback policy just by evaluating the parametric solution
to a given MPC optimization problem. This evaluation is performed by solving a
point location problem using one of the algorithms reported in Section 3.7. The
purpose of this chapter is to show how, for a particular EMPC solution, these
algorithms can be automatically generated in the form of an executable code with

little to no user effort.

Specifically, we present a new code generation module for the Multi-Parametric
Toolbox (MPT) (Herceg et al., 2013a), which is a Matlab-based tool for setting
up, solving, and analyzing EMPC controllers. Previously, MPT was only able to
export EMPC solutions either to a pure Matlab code or to the ANSI-C language.
However, nowadays we see a big expansion of other programming languages being
used to create control-oriented applications. Therefore, the new code generation

module allows to export EMPC controllers to the Python and JavaScript languages.

These languages were selected for multiple reasons. They are freely available,
have a large and vital community, offer all the necessary mathematical routines to
facilitate the EMPC implementation, and are progressive. However, only a small
subset of the adopters of these languages are control engineers. Therefore, the
aim of the proposed code generation framework is to give to the hand of a large
community a tool for embedding high-quality control algorithms, represented by

EMPC, into their applications in an easy-to-understand fashion.

97
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This chapter is composed of two parts. First, in Section 6.1 we present the
Python code generation framework. We guide the reader through all the steps that
are necessary to synthesize an EMPC solution in the MPT toolbox and to generate
the corresponding Python code that evaluates the EMPC solution. The procedure
is illustrated on two real-life examples. The first one, described in Section 6.1.1, is
a popular computer game where we show how to design and implement an MPC-
based player. The second application in Section 6.1.2 deals with the control of a
quadcopter. The JavaScript-based code generation is then introduced in Section 6.2
and illustrated on a simulation case study involving the control of a temperature

inside a building.

6.1 Export to Python

In this section we present a new Python-based code generation module for the
MPT toolbox. The module generates a self-contained implementation of various
point-location algorithms that are used to evaluate a given EMPC solution for a
known initial condition. Specifically, the module can generate Python versions of

following point-location algorithms:
1. the sequential search algorithm for continuous feedback laws, cf. Section 3.7.1,

2. the extended sequential search procedure for discontinuous feedback laws, cf.
Section 3.7.2,

3. the binary tree algorithm from Section 3.7.3.

The input to the code-generation framework is a Matlab object of the MPT
toolbox that encodes the explicit representation of the PWA feedback law u*(x)
given by

u*(z) = Fix + g; if © € Ry, (6.1)

and the PWA or PWQ value function J*(z), i.e., either
J*(JZ) = ;T + ﬁl ifzeR,; (62)
in the case of a PWA value function or

J(x) =2 yx+ o+ B ifreR; (6.3)
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in the case of a PW(Q value function. In all cases, R; = {z | A;x < b;} are the
polytopic regions of these functions.

Once these functions are computed using parametric programming and aggre-
gated into a single object, the Python version of the sequential point-location al-

gorithm of Section 3.7.1 can be obtained by a single line of code:
toPython(solution, ’myctrl’, ’primal’, ’first-region’, library)

Here, solution is a Matlab variable which denotes the MPT object that contains
the functions w*(x) and J*(z). Details on how to construct this object will be
presented in Sections 6.1.1 and 6.1.2. Moreover, *myctrl’ is a string which de-
notes the name of the file which should be generated. The suffix ’.py’ will be
added automatically. In this example, the generated code will therefore be written
into ’myctrl.py’. Next, ’primal’ means that we want to export the primal op-
timizer, i.e., the feedback law u*(z). Note that the module can export evaluation
code for arbitrary PWA/PWQ functions besides the feedback law (e.g., the dual
optimizer). The ’first-region’ string means that we want to use the sequential
point-location algorithm as described in Section 3.7.1 that is stopped once the first
region containing the given initial condition is found. We remind the reader that
for this algorithm to work, the exported function must be continuous. Finally, the
library can either be library=’numpy’ or library=’numpy-free’. In the former
case, the point-location algorithm will utilize the freely available numpy library to
perform all necessary matrix/vector operations. In the latter case, the exported
code does not depend on any external libraries and is therefore self-contained.

An example of the automatically generated code for 1library=’numpy’ is shown

next:

from numpy import *

import math

def empc(x):
xh=matrix([[0], [0], [0], [-1]],dtype=object)
for i in range(0,len(x)):

xh[il=x[i]

nx=3;nz=5;nu=1;num_regions=233;
H=matrix([[-0.3881,0.8137,-0.4324,-0.0008],...])
ni=matrix([[1],[9],[16],...1)
fF=matrix([[0.0051,0.0999],...1)
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fg=matrix([[0.0005],...]1)
for i in range(O,num_regions):
if (H[nif[i]l-1:ni[i+1]-1,:]*xh<=1e-08).al11():
z=fF [i*nz: (i+1)*nz, : 1 *x+fg[i*nz: (i+1) *nz]
return z[0:nu]
if i==num_regions-1:
z=matrix ([[float(’NaN’)]])

return z

The code defines a Python function empc that takes one input argument - the
initial condition x for which we want to evaluate the primal optimizer, i.e., to obtain
u*(z). Inside, the function defines the aggregated half-space representation of the

critical regions in the variable H. Specifically, we have that

is rewritten as

which can then be aggregated as

Ri ={z | [A; b xl] < 0} (6.6)
g

The extended vector Z is denoted by xh in the code. After defining the half-spaces
of the individual regions in the variable H, the number of half-space of each region
in ni, and the parameters of local affine feedback laws in tF and tg, the code then
iterates over all regions sequentially and checks whether z € R;. If the condition is
satisfied, u* is computed by u* = F;x + g; and the search is aborted. If no regions
containing x is found, NaN is returned to indicate infeasibility.

If 1library="numpy-free’ is used, the generated code no longer depends on
the numpy library. Instead, the code contains two additional functions, called mult
and add, which implement matrix/vector multiplication and addition, respectively.
The idea here is for the code to be completely self-contained and not to depend on
any external libraries. An example of the automatically generated code is provided

next.

def mult(X,Y):
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result = [[sum(a*b for a,b in zip(X_row,Y_col)) for Y_col
in zip(*Y)] for X_row in X]
return result
def add(X,Y):
result = [[X[i][j] + Y[i][j] for j in range(len(X[0]))]
for i in range(len(X))]
return result
def empc(x):
xh = list(x)
xh.append ([-1])
nx=3;nz=5;nu=1;num_regions=233;
H=[[-0.3881,0.8137,-0.4324,-0.0008],...]
ni=[[1],[9],[16],...]
fF=[[0.0051,0.0999],...]
£g=[[0.0005],...]
for i in range(O,num_regions):
if max(mult(H[ni[i]l-1:ni[i+1]-1],xh)) [0]<=1e-08:
z=add (mult (fF [i*nz: (i+1)*nz] ,x) ,fgli*nz: (i+1)*nz])
return z[0:nu]
if i==num_regions-1:
z=[[float (’NaN’)]]

return z

The price to be paid when using the library-free option is a deteriorated compu-
tational speed. Specifically, the numpy library offers advanced and fast algorithms
to perform matrix/vector multiplications while our library-free version only uses a
simplistic approach to the problem.

The extended sequential algorithm described in Section 3.7.2 can be automati-

cally generated as follows:
toPython(solution, ’myctrl’, ’primal’, ’obj’, library)

The only difference to the preceding case is that the fourth input argument was
changed from ’first-region’ to ’obj’. Here the ’obj’ string refers to the cost
function J*(x) being used as a criterion to resolve conflicts if multiple regions R;
contain the initial condition x. This can easily happen e.g. when the feedback law

is discontinuous. In such a case the value of the cost function for all these colliding
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regions are evaluated and the region with the lowest value of the cost is used to
compute the optimal control action. The automatically generated code for this

type of implementation algorithm looks as follows:

tH=matrix([[1.7156,0.3652,3.7800],...1);
tF=matrix([[0.0051,0.0999]1,...1);
tg=matrix([[0.0005],...1);
tb=array ([]);
for i in range(O,num_regions):
if (H[nil[il-1:nil[i+1]-1,:]*xh<=1e-08).all1():
tv=tF[i,:]*x+tgl[i];
tv=tv+x.T*tH[i*nx: (i+1) *nx, : ] *x;
tb=insert (tb,shape(tb),1i);
tb=insert (tb,shape(tb),squeeze(asarray(tv)));
num_reg=shape (tb) ;num_reg=num_reg[0]/2;
tb=tb.reshape(num_reg,2) ;
if tb.sum()!'=0:
i=int (tb[tb[:,1].argmin(),0]);
z=fF[i*nz: (i+1)*nz, :]*x+fg[i*nz: (i+1)*nz];
return z[0:nu]
else:
z=matrix([[float(’NaN’)]1])

return z

Here, the variables tH, tF, and tg are the quadratic, linear and, constant parameters
of the (in this case PWQ) value functions. The for cycle together with the if
condition are used to check whether parameter x is a part of the given region. If
there is such a region, then the value of the objective function is saved into variable
tv, while the index of the region is saved into tb. If the 1list tb is empty there
is no feasible solution for the given initial point x. If there are more elements in
list tb the values of the objective functions are compared, and the index i with
the minimum value is chosen. The index is used to compute the optimal control
action from the local affine law.

The last option is to generate the Python code of the binary tree point location

algorithm as described in Section 3.7.3. This is achieved by calling

toPythonTree(tree, ’mytree’, ’primal’, ’library’)
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where tree is an MPT variable which contains the pre-compute binary tree, mytree’
is the name of the exported file with the ’.py’ suffix being added automatically,
and ’primal’ is the name of the function we wish to export. In this case ’primal’
refers to the primal optimizer, i.e., to the feedback law uw*(z). The exported code

that the following form:

from numpy import *
import math
def empctree(x):
xh=matrix([[0], [0], [-1]],dtype=object)
for i in range(0,len(x)):
xh[il=x[i]
T=matrix([[0.2080,0.9781,-0.1899,2,55],...]1)
fF=matrix([[0.0051,0.0999],...1);
fg=matrix([[0.0005],...1);
i=0;nz=5;nx=2;nu=1;z=matrix([[float (°NaN’)]]);
while True:
h=T[i,0:3]*xh
if h<=0:
i=T[i,3]
else:
i=T[i,4]
if i<0:
i=-i
i=i-1
z=fF[i*nz: (i+1)*nz,:]1*x + fgli*nz: (i+1)*nz]
return z[0:nu]
elif i==0:
return z

i=i-1

Here, the variable T contains information about the values of the logical tests in
each node of the binary search tree. In the while loop logical tests are performed
and based on the result this test h the index i of the next node is obtained. If the
value of index i is a negative value it means that the algorithm achieved the leave

of the tree. In this case the local control action could be implemented.
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To embed the automatically generated codes into the target Python application

all that needs to be done is first to include the code via

import empc

or

import empctree

in the case of the binary tree, followed by calling the corresponding function, i.e.
u = empc(x)

in the case of the sequential search procedure, or

u = empctree(x)

for the binary tree.

In the following two sections the code generation procedure is illustrated on two
examples. The first one, described in Section 6.1.1, is a popular computer game
where we show how to design and implement an MPC-based player. The second

application in Section 6.1.2 is concerned with the control of a quadcopter.

6.1.1 Flappy Bird

Flappy Bird is a popular computer game, where the player’s goal is to control the
altitude of the bird while try to keep away from the obstacles. The obstacles are
graphically presented as pipes, while there is a gap between the upper and the lower
pipe. The height of the pipes are generated randomly, and there is no information
about the future values of the pipes height. The number of successfully passed
pipes are the indicators of the score. The screenshots of the investigated game is

provided in Figure 6.1(a). The game is running in fixed sampling frequency.

Modeling

The goal was to create a controller, which can replace a human player. At first, the
mathematical model of the dynamics was proposed, which was defined by a simple

affine difference equation presented in (6.7).

Tpq1 = T + buy — f, (6.7)
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(a) Flappy bird in action. (b) Highest score.

Figure 6.1: Screenshots of the Flappy Bird game.

State variable x, stands for the actual altitude of the bird, while x4 is the altitude
in the next step. The input of the system represented by variable u; is considered

to have binary values. Specially, uj can acquire two different values

ug € {0,1}. (6.8)

The constants b and f were extracted from the game. The value of the affine part of
dynamics in (6.7) was set to f = —9, which means the bird is permanently falling
in each step with the same value. In order to compensate the falling the value
of variable b was set to 18. This means if the control is not activated the bird’s
altitude decreases by 9 pixels, while if the control is activated the height increases
by 9 pixels. In order to create as simple MPC as possible instead of obstacle
avoidance reference tracking technique was implemented. Such an implementation
does not require to use time varying constraints, while the time varying reference

was calculated as a middle point of the gap located between the lower and the

upper pipe.
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MPC Design

After the construction of the mathematical model the designed optimal control

problem is of the following form

N-1

min Z |xg — @retl1, (6.9a)
k=0

s.t. Tpy1 = xp + bug — f, (6.9b)
u € {0,1}, (6.9¢)
xg = z(t). (6.9d)

Since the constraints of MPC presented in (6.9) are not convex due to binary
character of the input variable (6.9¢), it cannot be solved as a convex optimization
problem. Fortunately this non-convexity has a special form and the optimal con-
trol problem defined in (6.9) can be formulated as a mixed-integer programming
problem, which is easier to solve than a general non-convex optimization problem.
This optimal control problem can easily be implemented by using only a few lines
of code in Matlab by using the features of MPT

LTISystem(’A’, 1, °B’, 18, ’f’, -9)

model.u.with(’binary’)

model

model.x.with(’reference’)
model.x.reference = ’free’
model.x.penalty = OneNormFunction(1)
N =24

mpc = MPCController (model, N)

The function LTISystem in the first line is a built-in function of the Multi-
Parametric Toolbox and it creates an instance of the object LTISystem that de-
scribes the affine system (6.9). After the instance in created additional properties
can be set up. At first the binary nature of the input variable is defined, with
the second line. After the next line changes the objective function in order to
activate the reference tracking mode, and since the reference during the control
is not constant it can be set by the following line the free. This means that it
can be changed in every control step. In the model definition the final step is to
set the weighting matrices of the objective function. In this particular case we

use 1-norm for penalizing the distance of state variable from the desired setpoint.
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After the all necessary information about the model are set and the prediction
horizon is defined a built-in MPCController function is called to create an instance
which contains information about the optimal control problem defined in (6.9).
This function transforms the defined optimal control problem into an optimization
problem in such a form, which is feasible for solvers. In this case the MPC problem
can be solved by online solvers by calling mpc.evaluate(x) command. In order
to receive explicit MPC, the optimization problem arise from (6.9) needs to be
solved parametrically. This procedure requires numerous mathematical operations
which especially in higher dimensions are not straightforward. The way of obtain-
ing explicit form of MPC was presented in Section 2.9.Thanks to Multi-Parametric
Toolbox this not straightforward procedure can be performed by evaluating one

single line of code
empc = mpc.toExplicit()

This convenient way of defining the MPC problem and subsequent user friendly
way of constructing the parametric solution is one of the biggest advantages of
Multi-Parametric Toolbox. The next step of creating the binary search tree from

explicit representation is done similarly by evaluating a single line in Matlab
tree = BinTreePolyUnion(empc.optimizer)

where variable tree contains all the information necessary for the proper evalua-
tion. The code generation module works on the similar manner.

Code Generation and Implementation

In order to obtain the point location algorithm based on binary search tree the

export function must be executed
toPythonTree(tree, ’flappympctree’, ’primal’)

By this command a new file flappympctree.py is created in the actual folder which
contains the generated algorithm and data. The merging of the generated code
into the application was extremely easy. Basically it works on the plug-and-play
principle. The only thing what was changed is just the condition, which checked if
the human player pressed the button

if event.type == KEYDOWN
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Figure 6.2: Flappy: Binary input.

was replaced by a function evaluation
if flappympctree([[altitude], [referencel]) ==

This means the merging of the code with the actual application could be done only
by changing the function. The parametric solution is depicted in Fig. 6.2 , where
Fig. 6.2(a) represents the critical regions and Fig. 6.2(b) the control law defined
over the critical regions.

This controller was then run several times and the reached scores are summa-
rized in Table 6.1. As can be seen from the table, the MPC-based artificial player
significantly outperforms the performance of human-based players by one order of

magnitude. This demonstrates viability of the proposed approach.

Summary

The goal of this section was to introduce the code export module in action. We
wanted to show how could be MPC implemented in a non typical application like
a computer game. We presented a way how to defined the mathematical model of
the bird’s dynamics. In this particular case the binary search tree point location
method was used. The generated code was inserted into the application and sub-
sequently it was evaluated by a single line of code. The final phase was the test of
the designed controller. 3 human players were asked to try to control the height of
the bird. They had a possibility to try it several times. Table 6.1 summarizes the
average and the highest scores achieved by the human players and also the MPC

based artificial controller.
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Table 6.1: Achieved score in Flappy Bird

Players Average score | Best score
Human no. 1 16 33
Human no. 2 14 19
Human no. 3 9 17

MPC 182 473

As it can be seen the artificial controller reached incomparably higher scores
than the human players. This is due to the advantage of better reaction time. The
goal in this application was not to design the best possible controller as in general
used to be the goal, but the way of introducing a user friendly method how to

merge an advanced control technique with an arbitrary application in Python.

6.1.2 Quadrocopter

The results described in this section are one of the outcomes of the joint work
with Juraj Stevek from our Institute. In the previous section the EMPC control
technique was implemented on the computer game. Since the computer game was
running in the fixed frequency, which means each operation were performed in
the given order regardless of their computation time, we did not have to care too
much about the computation time. In this section we aimed an another type of
application, where the fast evaluation of EMPC comes to be useful. The system
on which we wanted to demonstrate the further applicability of the presented code
generation module is an Ar.Drone2 quadrotor (Bristeau et al., 2011), which is
depicted in Fig 6.3. In order to demonstrate the applicability of the code generation
module the control of the yaw angle will be presented in sequel.

AR.Drone2 is a commercial quadrotor platform that is freely available in nu-
merous retail stores. The quadrotor is fitted with four propellers driven by four
brushless motors. The supply is provided by Lithium-Polymer battery (1000-1500
mAh). The quadrotor is also equipped with rich set of sensors: 3-axis gyroscope,
accelerometers, ultrasound altimeter, electronic compass, pressure sensor, QVGA
downward camera (320x240, 60fps). Additionally the drone has a front 720p HD
93° wide-angle camera with 640x480 resolution at 30fps. Information from these

sensors is used in the on-board embedded control. The on-board system ensures
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Figure 6.3: The AR.Drone2 and its coordinate systems. The arrows of the rotation

angles correspond to positive values.

gravity compensation and stabilization of the drone. Some details about technology
inside the AR.Drone2 are given by Bristeau et al. (2011). The normalized control

command for the on-board system is
u= (u¢,uQ,u¢,uz-)T €[-1,1* (6.10)

where u, is the reference for roll ¢, ug is the reference for pitch 6, u,; is the reference
for yaw rate 1 and w; is the reference for vertical speed Z.

The on-board software runs three control loops. The innermost control loop
(Angular Rate Control Loop — ARCL) drives rotational speed of propellers by a
reference (proportional control). The second loop (Attitude Control Loop — ACL)
with PI control maintains required attitude angles (given by the user or zero in
a hovering state). The output of this loop serves as the reference for ARCL. The
outermost loop (Hovering Control Loop — HCL) regulates the drone to the hovering
state.

The communication with AR.Drone2 is provided by WiFi. After powered on,
the AR.Drone2 becomes a wifi hotspot and an external client may connect to
it. The communication is realized over three channels. The first channel (UDP
5554) serves for sending drone’s data from sensors and the current state estimate
(Navdata). Through the second channel (UDP 5555), the video stream from one of



6.1. EXPORT TO PYTHON 111

two cameras is processed. The client’s commands (e.g. takeoff, land, desired roll,
pitch, yaw speed and vertical speed) are transferred through the command channel
(UDP 5556). The AR.Drone?2 is controlled using a device with a mobile operation
system (Android, i0OS, Windows Phone) equipped by FreeFlight application, see
e.g. ardrone2.parrot.com/support-android. The application offers to control
the drone manually or to use a navigation with a GPS module extension. The
application shows the video stream from the front camera (or the bottom camera)
in the real time in such a way the user has a view from drone’s perspective. Robot
Operating System (ROS) (M. Quigley and Faust, 2009) was used as an interface to
control and communicate with the drone. It was developed at Stanford Artificial
Intelligence Laboratory and it is a collection of numerous frameworks for creating
a robot control software. ROS offers Python interface to implement different user
defined algorithms to control the drone. For the data exchange a built in message

package is used. The message is a special type of data structure, which stores data.

Modeling

Raffo et al. (2010) presented a standard approach to describe the quadrotor’s dy-
namics. It is based on Newton-Euler and Euler-Lagrange equations. The resulting
model comprises a set of nonlinear and unstable differential equations. The vec-
tor of angular speeds (w1, ws,ws,ws) ' of four propellers is the input of such model.
Bresciani (2008) proposed a simple (quadratic) transformation of propellers’ speeds
that lead to an input vector that consists of four basic movements (throttle, roll,
pitch, yaw). Parameters of such model are quadrotor’s mass, gravitational accel-
eration, inertias, friction constants etc. The identification of these parameters is
provided by a series of identification experiments presented by Bresciani (2008);
Qianying (2014).

In the case of AR.Drone2, the input vector (6.10) consists of references for roll,
pitch, yaw rate and vertical speed. The on-board control software drives these
variables to the reference values. Since the details of this control are unknown, it

is considered as a part of the system. We consider the state vector
E=(x,y,2,4,9,%¢,0,0,9)7 € R (6.11)

where (x,7,2)" is the position of the quadrotor (in m) and (&,7,2) " the velocity
(in m/s), both in the world frame. Next, (¢,0,1) " is the attitude (in rad). Finally,
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1/} is the angular velocity around the z,, axis (in rad/s). We consider the state space

model of the form

w

_|_

(6.12)
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where f and h are differentiable nonlinear functions and @ and 7 represent multi-
variate Gaussian noise.

Here we adopt the idea introduced by Engel et al. (2012). We approximate the
horizontal acceleration vector (#,4) " by a nonlinear transformation of the attitude
vector. The transformation results from the following idea.

The acceleration in the horizontal direction is roughly proportional to the hor-

izontal force acting on the quadrotor

x - .
N facc - fdrag (613)
Y

where ﬁ;cc denotes an accelerating force and ﬁirag denotes an aerodynamic drag

force. The drag force is related to the velocity in the horizontal direction and f;cc

relates to the tilt angle (the projection of z,-axis onto the horizontal plane).

Z = Ky (sinysin ¢ cos§ — costpsin @) — Ko (6.14)
= K3(—cosysingcosf —sinysin) — K9 (6.15)

Under a condition of a near-hover flight, it is possible to model and identify
the forward, lateral, yaw, and altitude dynamics as four independent sub-systems.
Engel et al. (2012) and Krajnik et al. (2011) model the AR.Drone’s internal control

and dynamics as four independent linear systems

¢ = Ksuy — Koo, (6.16)
0 = Krug — Ksf, (6.17)
b= Kou,, — Ko, (6.18)
5= Kyus — Kia2, (6.19)

V120 tracks the quadrotor in user’s defined world frame. The direct observation
is given by
h(E) = (2,9, 2,¢,0,9)". (6.20)
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Identification of yaw and height dynamics are simpler problems compared to
horizontal dynamics. In this case, we look for parameters of an unstable second
order system. We may use basic procedures of the MATLAB’s System identification
toolbox (Ljung, 2011) to find the unknown parameters or we may proceed in the
same way like in the two previous dynamics.

The corresponding NLS optimization problem for the yaw dynamic is of the

form:

— = Kouy — Kipt), (6.21)

= (4(t0) 9(t0))

uu'):H(t), t e [t07tf],

where K = (Ky, K10) ", Kmin and K., denote the lower and upper bound for the
parameter vector, respectively. IV is the number of measurements.

The NLS optimization problem for the altitude dynamic is of the form:

N
. . T\2 ~\2
min = 2i —2i)" + (2 — %
in Qrs > ( )7+ ( )

i=1
S t Kmln S R S 7maxa
dz _,
dt
d*y :
ﬁ = K11uz~ - Klgz, (622)

where K = (K]_l,KlQ)T, Kpin and Kpax denote the lower and upper bound for
the parameter vector, respectively. N is the number of measurements.
The onboard software implements basic control loops based on the measure-

ments from various sensors, such as accelerometers, ultrasound sensor, barometer,
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Figure 6.4: The result of the yaw dynamics identification experiment. Blue — mea-

surements, Red — model.
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and electronic compass. It controls the vertical speed Z, yaw speed d}, roll ¢ and
pitch angle 6 based on references it acquires via WiFi. The MPC objective is
to devise these references in an optimal fashion. Specifically, the control inputs

generated by MPC are:

e u;, the control command for velocity in vertical axis;
° uy, the control command for rotation velocity in z axis;
e ug, the control command for rotation over the z axis;
e uy, the control command for rotation over the y axis.

All inputs are normalized and constrained by —1 < u < 1.
In this section we control the yaw angle with respect to the global frame. The
simplified mathematical model of the Ar.Drone’s rotational dynamic over the z-axis

was presented in Engel et al. (2012):
b = Kouy, — Kot (6.23)

where 1/1 represents the linear acceleration over the z-axis. The parameters Ko, Ko
are model gains that have to be experimentally identified. The first term Kou,
represents accelerating force, and Kj01) represents drag force in (6.23).

Applying the forward Euler discretization to (6.23), the discrete time model of

the system takes the form

i 1— K0T, 0] |4 KT,
Yyt _ 10T (o 4| ug, (6.24)
Vr+1 T 1) ¥ 0 | <X
—— ~—— Ug
Th+41 A Tk

where T is the sampling period. To achieve tracking properties, the system in

Table 6.2: Estimated parameters and deviations.

Parameters | Values + std ‘ Units ‘

K, 27.21 +11.46 st
Ko 10.45 +£5.17 | rad s™!
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(6.24) was augmented into the form

A B B
Frp1 = P+ Auy, 6.25
k+1 I k I k ( )
e
A B

X T
where jk: ’l/)k ’l/) ’LLk,1:| .

Control

Using the Multi-Parametric Toolbox we have formulated the following MPC prob-
lem, the objective of which is to manipulate the rotational velocity such that the
yaw angle tracks a prescribed reference. This is achieved by formulating the prob-

lem as follows:

min NZI Ayl Q. Ay + Aul QuAuy, (6.26a)
k=0

s.t. Zpy1 = Ay + BAuy, (6.26D)

10 0]

Yk = L) 10 Tk, (6.26¢)
AY =Y — Yrer, (6.26d)
Aup, = up — Up_1, (6.26¢)
—0.005 < Auy, < 0.005, (6.26f)
—1<u, <1, (6.26g)
Tmin < Tk < Tmag, (6.26h)
xo = x(t). (6.261)

The model gains are K9 = 27.21, K79 = 10.45, while the state penalty matrix
Qy = 7Y 54ho] and @, = 1 were chosen experimentally. The weights were adjusted
to put emphasis to ¢ and slightly restrict 1/1 The prediction horizon N = 5 and
sampling time T = 20 ms were used.

The explicit MPC feedback was then generated using parametric solvers con-
tained in Multi-Parametric Toolbox. The solution consisted of 281 regions. The
controller was subsequently exported to Python code using the toPython function

and embedded into the control software represented by the ROS platform.
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Figure 6.5: Controlled yaw angle (green) and the corresponding reference (blue).

The controller was tested in a real-time experiment with control period ~ 20 ms.
The real control period varied from 15 to 27 milliseconds, which introduced addi-

tional disturbances into the control loop.

The MPC problem was defined by using the features of Multi-Parametric Tool-
box in the same way as it was presented in the previous application. The paramet-
ric solution was subsequently exported to Python by the toPython function and

embedded into control interface in ROS platform.

The variation of the control period was caused mostly by the varying evaluation
time of the sequential search. Results of the tracking experiment are shown in
Figs. 6.6 and 6.5. We have chosen not a single reference point, but a curve as can
be seen in Fig.6.5. This represents the horizontal turning. As can be seen, the
explicit MPC controller rejects disturbances and achieves the tracking objective by
bringing ¥ to a harmonic reference. The small velocity oscillations were caused by

air turbulence and varying control period.
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Figure 6.6: Control input for the Ar.Drone example.

6.1.3 Summary

In this section a the advantage of the new code generation module in Multi-
Parametric Toolbox was primarily introduced. The presented module allows to
the final user of the toolbox to extract EMPC controllers into Python. The gener-
ated file also contains the point location algorithm. Furthermore, such a generated
code is directly implementable into different applications. In this section two dif-
ferent applications were introduced. The first one is a popular computer game,
where the goal was to control altitude with MPC, while in the second application
we aimed to control the yaw angle of the quadrocopter. In both cases the MPC

control technique was successfully implemented.

6.2 Export to JavaScript

In the recent days JavaScript became a popular programming language. It can be
used as front-end and even as a back-end tool. However it is a scripting language,
it also allows to use the features of object oriented programming. The main reason

of using JavaScript is that it allows to complete procedures or requests in the user’s
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browser without sending messages back and forth to the server. Doing something
directly in the browser can be much faster than sending a message to the server
and getting a reply. It is almost always a noticeable time lag, and can take many
seconds. Generally JavaScript is used to create interactions and dynamic effects,
but it could be used as a part of application outside web pages. It becomes so
powerful language that even computer games, visualization or 3D rendering could
be developed in JavaScript. The reason of choosing this language is its unique
possibility to easily merge with web based applications. JavaScript is used by

every company, which has a website. There exist several frameworks, such as
e JSON - easier-to-use alternative to XML for storing and exchanging data

e AngularJS - extends HTML with new attributes (Ryanair, iTunes Connect,
PayPal Checkout, ...)

e jQuery - simpler event handling

and many more, which allows fast and convenient algorithm prototyping. Our goal
was to use the web based environment as a communication tool for control applica-
tion. Therefore we proposed to create a module for an export of the point location
methods into JavaScript programming language. With this act we can bring ad-
vanced control techniques such MPC to the web based environment. We believe
that there is a need for simple code export, which brings the power of the para-
metric optimization into web based environment. Since JavaScript could be used
for both front-end and back-end development, the possibilities for implementation
seem to be endless. The generated code should be fully self-contained, which means
there is no need for external libraries. The generated function should contain all
the necessary matrix operation and it should work on plug-and-play system, where
the user just needs to attach the generated file with ’.js’ extension to it’s ap-
plication. The principle of code generation of JavaScript has similar features as
was presented in code generation to Python. The only difference is in the name of
the built in function, toJavaScript, for the code export. The function generates
two different files, one JavaScript file which includes the information about the
parametric solution, the point location algorithm and the necessary functions for
matrix operations. There are also free libraries that allow to use matrix operations,
but those libraries code could be measured in megabytes. Therefore we created our

own functions and only those are exported together with the parametric solution.
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The second file is a pure HTML file, where the user can manually test the exported
controller. To our best knowledge, there has not been any simple way to merge
MPC control strategies into existing JavaScript applications in an easy fashion.
To demonstrate the benefit of the export procedure to JavaScript a temperature
control for a single zone building application will be introduced in sequel.

In Matlab the export procedure could be performed by evaluating the following

line:
toJavaScript(solution, ’buildingmpc’,’primal’,’algorithm’)

Where variables solution, ’primal’ and ’algorithm’ has the same options and
properties like it was presented in Section 6.1. Furthermore *buildingmpc’ is the
name of the generated function. If this string based variable does not contain the
.js extension it is added automatically.

The exported file id of the following form: the created file contains the exported
sequential search approach, presented in Section 3.7.1 with the information about

the parametric solution.

function buildingmpc(x){
var nx=7;
var nz=5;
var nu=1;
var H=[[-0.27105,0.96257,3.5677,...1,...]1;
var ni=[[1],...];
var fF=[[5.5511e-17,...],...1;
var fg=[[0],...];
x = trans(x);
var xh = x.slice();
xh.push([-1]);
var z = [];
var num_regions = 35;
for (var i = 0; i < num_regions; i++) {
if (mulM(subst(H,ni[i]l-1,ni[i+1]-1,0,nx+1),xh).
every(isGreaterZero)){
z = addM(mulM(subst (fF,i*nz, (i+1)*nz,0,nx),x),
subst (fg,i*nz, (i+1)*nz,0,1));
break
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}

where variable nx stands for state, nz represent the number of optimized variables,
while nu stands for the number of inputs. Variables H, ni, fF and fg are array type
variables and contain information about the parametric solution. The exported
code contains sequential search algorithm. The used functions in the algorithm

performs the following operations:
e mulM - matrix multiplication

e addM - matrix addition

subst - selects the given part of the array
e isGreaterZero - element wise comparison of the array
e trans - transposition

All the mentioned functions are also the part of the generated function. In case
the user is interested in the extended sequential search, presented in Section 3.7.2,

it can be exported by executing the following command:
opt.toJavaScript (’buildingmpc’,’primal’,’obj’)
The exported function is saved in buildingmpc. js and is of the following form:

function buildingmpc (x){

var nx=7;

var nz=b;

var nu=1;

var H=[[-0.27105,0.96257,3.5677,...1,...]1;
var ni=[[1],...];

var fF=[[5.5511e-17,...]1,...]1;

var fg=[[0],...];

var tH=[[2.2734,0.98655,...],...];
var tF=[[1.0313,1.0519,...],...];
var tg=[[0.48411],...];

x = trans(x);

var xh = x.slice();
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xh.push([-1]);
var tb = [];
var z = 0;
var k = 0;
var num_regions = 35;
for (i=0;i < num_regions; i++){
if (mulM(subst(H,nil[il-1,ni[i+1]-1,0,
nx+1) ,xh) .every(isGreaterZero)){
addM(mulM(subst (tF,i,i+1,0,nx),x),subst(tg,i,i+1,0,1));
addM(z,mulM(mulM(trans(x),
subst (tH,i*nx, (i+1)*nx,0,nx)) ,x));
tblk] = [1;
tb[k] [0] = i;
tb[k] [1] = z;
kt++; )

N
1]

N
]

}
if (tb.length==0)
{return nu2nan(nu)}
else{
i = tb[index(subst(tb,0,tb.length,1,2))][0];
z=addM (mulM(subst (fF,i*nz, (i+1)*nz,0,nx) ,x),
subst (fg,i*nz, (i+1)*nz,0,1));

return subst(z,0,nu,0,1)}

The functions used in this function are same that we described in the previous
code sample. The result of both generated functions is the optimal control action,
which is the same for the same initial parameter x (3.4c) regardless on what kind
of point location algorithm is used to extract it from the parametric solution. The
initial parameter x enters to the point generated file u = buildingmpc(x) as an
one dimensional array, while the sequence of control actions u, which is returned

by function buildingmpc(x) is a one dimensional array.
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6.2.1 Building Temperature Control

This part presents the results of an actual cooperation with Jan Drgona and Martin
Kaluz from our Institute. Temperature control in the last years became a topic of
common interest since high amount of energy is used to create sufficient conditions
in the buildings. This high amount of energy is consumed by heating, ventilation
and cooling the air. In order to save energy two things can be done. Better thermal
isolation could be installed on the building in order to reduce its energy consump-
tion. This is time consuming and requires big financial investments. On the other
hand more advanced control methods should be used to control the thermal comfort
in the building. In the literature there exist several ways how to deal with the de-
sign of advanced control approaches. Results of successful implementation of MPC
by assuming weather forecast were introduced in Oldewurtel et al. (2012). Another
approach which uses stochastic MPC formulation is discussed in Ma et al. (2012).
The combination of the weather forecast and stochastic MPC is demonstrated in
Oldewurtel et al. (2010). Experimental results on a real building control are de-
scribed in Siroky et al. (2011). Results presented in Klauco et al. (2014) introduce
the implementation of MPC-like feedback policy by using machine learning tools.
Another paper (Klau¢o and Kvasnica, 2014) describes how to implement EMPC
with so-called PMV index. This index considers not only temperature, but it can
also combine more factors such as humidity, ventilation in order to describe the
person’s thermal comfort. In general, the goal is to create such a controller which
maximizes the thermal comfort while there is an emphasis on energy consumption
minimization.

As an application to demonstrate the advantage of code generation to JavaScript
a thermal control of a single zone building was considered. In this set up we as-
sumed that the exported EMPC controller is located in the mobile phone, while
the communication with the simulation model which represents the behavior of the
building is performed by WebSocket. This protocol provides full-duplex communi-

cation channel.

The proposed control loop is depicted in Fig. 6.7.

In this case study we did not have a chance to control a real building, but the
simulation of the building model that runs in the hardware-in-the-loop fashion.
The building runs on the Arduino YUN micro-controller 6.8 and it is implemented

in a form of discrete differential equations. The model is evaluated in real time, but
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Figure 6.7: Control loop.
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Figure 6.8: Arduino YUN.

time is fasten up in order to shorten the simulation time. Arduino YUN has two
different computing environments. The first is an 8-bit AVR microprocessor, where
the building’s model is running. This communicates via serial port with another
integrated ARM computer with a light Linux distribution for embedded systems
OpenWrt-Yun.

Both of them are located on one motherboard. On this system a Python based

software is running, which ensures two tasks:

e handling a communication with the client

On the client side the EMPC is running. It uses HT'TP protocol for a full

duplex WebSocket, communication.

e data transmission

This ensures the communication between the control application and the low

level AVR microcontroller.

In our simulation setup the simulation data was stored on the Micro-SD card,
and after the end of the simulation the data could be downloaded and studied
after the experiment. The actual values of the mathematical model, which are
located in the Arduino YUN were sent by the communication link to the web
based application, where based on the received information the EMPC controller
is evaluated. Subsequently, the optimal control action is sent back to the Arduino
YﬁN, where the control action is implemented to the mathematical model.

The thermodynamical behavior of the single zone building can be compactly

represented by a linear time-invariant state-space model in the discrete time domain
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Figure 6.9: Representation of state variables.

as follows

Tht1 = Az, + Buy, + Edy, (6.27&)
yr = Cxg. (6.27b)

The A € R4, B € R**1| E € R**3 are the state-update matrices, whose values
were extracted from MATLAB toolbox ISE (van Schijndel, 2005):

[—0.020 0 0 0.020
A= 103 0 —0.020  0.001  0.020
0 0.001 —0.056 0o |’
1.234  2.987 0 —4.548
0 0 0 0
B=103.| " , E=107%" 0 0 0
0 0.055 0 0
0.003 0.327 0.003 0.001

The physical meanings of the used variables are depicted in Table 6.3.
The idea was to control the temperature of the building by using explicit MPC
and WebSocket communication. In this part we focus on the design of the EMPC
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Table 6.3: Description of the variables.

Notation | Units | Description
T [°C] floor temperature
) [°C] internal facade temperature
T3 [°C] external facade temperature
x4 [°C] internal room temperature
u [W] heat flow
dq [°C] external temperature
do [W] | heat generated by the occupancy
ds (W] solar radiation

Figure 6.10: Representation of disturbance variables.
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controller. The designed MPC problem which assumes model in (6.27) is of the

following form

min Nzl Qui + Ssy, (6.28a)
k=0

s.t. Tr+1 = Azy + Buy + Edy, (6.28Db)
up €U, (6.28¢)
o € X, (6.28d)
sk €8, (6.28e)
Tret — € — s < Cag, (6.28f)
Tret + € + 5, > Cay, (6.28¢g)
zo = x(t), (6.28h)

where x; represents the vector of state variables, w; stand for the input vari-
able while sy, represents the slack variable. The slack variable could acquire only
non-negative values. Since the reference is not defined in the objective function,
this formulation of MPC does not have tracking properties. There the goal is to
maintain the indoor temperature in the specified range around the reference. The
width of the zone could be changed by manipulating with the value of €. In case
of decreasing it’s value, the formulation is more restrictive, while in the other case
the controller has bigger freedom. In the objective function the heating and the
cooling cost are minimized and the value of the slack variable is penalized. Since
weighting matrix value S = 100000 and @ = 1 the controller’s goal is to maintain
the temperature in the defined zone and to minimize the energy consumption. The
prediction horizon was set to N = 5. The definition of MPC problem could be
constructed in the same way as it was demonstrated in the previous sections. The
parametric solution consisted of 190 critical regions in the 8-dimensional parametric
space. The only difference is the exporting function’s name. The code generation

could be performed by evaluating
toJavaScript( empc, ’building’, ’primal’, ’first-region’);

where empc represents the parametric solution, while *building’ represents the
string which is a user defined name of the generated file. In this case building. js

and building.html are created. The html file’s purpose is to check if the controller
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returns the valid answers. The JavaScript file could be imported to arbitrary html

file by a single line of code.
<script src="building.js" type="text/javascript"></script>

Together with the point location algorithm 144 KB was used to store the EMPC
controller to the exported file building. js.

In the simulation scenario the reference temperature was set to 21 °C and while
€ = 0.5°C was considered. This means the temperature can be within the interval
from 20.5°C to 21.5°C. The simulation time was set to 1 year, while unpredictable
disturbances were considered. The evolution of the indoor temperature is depicted
in Fig. 6.11 and the and the manipulated variable is presented in Fig. 6.12. The
influence of the disturbance variables, the external temperature, the solar radi-
ation and heat generated by occupancy are depicted in Fig. 6.13, Fig. 6.14 and
Fig. 6.15. It can be seen that the designed MPC control fulfills its work and the
indoor temperature mainly remains in the desired area. However, there are several
small violations of the tube constraints that were caused by the external distur-
bances, but the control performance is still acceptable. Table 6.4 summarizes the
control performance of the designed MPC controller. As we can see, MPC violates
the state constraints for the indoor temperature several times. The reason was
that the controller goal was to minimize the energy consumption, and therefore
the temperature was as close to the constraints as possible. Due to the external
disturbances, the MPC controller was not able to fulfill state constraints all the
time. In order to stay in the predefined control interval the values of the slack

variables were minimized.

Table 6.4: Control performance.

Heating cost 12795.73 kWh
Cooling cost 62.12 kWh
Total cost 12857.85 kWh
% of constraints satisfaction 99.71 %

Summary

In this section of the work we demonstrated code generation module which can

export a parametric solution of the given optimization problem together with a
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Figure 6.15: Heat generated by occupancy.

point location algorithm into JavaScript. The presented module can bring advanced
control techniques like MPC into the web based environment. To propagate the
power of the module, we introduced an application for thermal comfort control of
the single zone building. The MPC algorithm was running on the separate device

while the communication was performed by WebSocket control technique.

6.3 Summary

In this part of the work we have proposed a tool which manages an export of
the parametric solution. We have shown how could be the parametric solution
of the given optimization problem exported into two different programming lan-
guages such a Python and JavaScript. The reason of choosing these programming
languages is the fact there have not existed an easy implementation of advanced
control technique such as MPC in a convenient matter. Both languages offer inter-
esting possibilities, while development of applications is convenient. It was shown

that the merging of the exported controller with an actual application could be
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done in a plug-and-play principle. In the case of both languages the imported con-
trollers could be easily evaluated by only calling one single line of code. All the
necessary operations which are required to extract the optimal control action for

the particular value of the parameters are also defined in the exported function.






Chapter

Case Studies

This chapter deals with implementation of MPC policy into two non-linear systems,
namely electroplating process and magnetic manipulation. In the first case the goal
is to control the temperature of the plating solution subject to process input and
output constraints. The task for the magnetic manipulator is to control the position
of the ball in two-dimensional space. The magnetic field influencing the position
of the ball is generated by the series of coils. The coils are located below the ball
and the magnetic field can be changed by using different currents. We show that
a well performing MPC policy design is not an easy task as both aforementioned

processes have non-linear dynamics.

7.1 Electroplating Process

The results described in this chapter are one of the outcomes of the joint work with
Surasit Tanthadiloke and Paisan Kittisupakorn from the Chulalongkorn University
in Bangkok, Thailand.

Electroplating is a process that uses electric current to reduce dissolved metal
cations so that they form a coherent metal coating on an electrode. Electroplating
is primarily used to change the surface properties of objects by creating a thin new
surface, which provides better corrosion protection.

The process consists of three components, the cathode, the anode, and the

electrolyte solution. The cathode represents the object to be treated. The anode is

135
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made of metal to be plated and the electrolyte contains dissolved metal salts and
some other ions. The free ions ensure the flow of the electricity. Both anode and
cathode are dipped into the solution. The power supply sends the direct current
to the anode, which starts to dissolve metal ions in the electrolyte. The dissolved
metal on the cathode creates a new surface. The thickness of the new surface can
be adjusted by changing the operation time or by changing the applied current.
Electroplating can change the physical, chemical, and mechanical properties of the

workpiece.

The aim is to control the temperature of the plating solution to a specific value.
For this purpose, three different MPC setups are presented and compared. The
goal is to find an acceptable comparison between the complexity of the optimization
problem and the performance of the controller. Components of the electroplating

process are illustrated in Fig. 7.1.

The cooling tower together with the reservoir tank cools down the water’s tem-
perature. The power supply ensures the right value of the electric current, while the
plating bath contains the anodes, workpiece as a cathode and the plating solution.
During the operational time of the electroplating process, a certain temperature
of the plating solution must be maintained. A high temperature can cause sur-
face burning. The unwanted burning area must additionally be polished, which
increases production costs. However, if the temperature is too low the thickness of
the new surface will not be sufficient. In the following section, the control meth-
ods will be presented from the most difficult to the easiest formulation, from the

computation point of view.

7.1.1 Mathematical model

The mathematical model was constructed by Surasit Tanthadiloke using mass and
energy balances (Tanthadiloke et al., 2013). In order to obtain a valid mathematical
model of the hard chromium plating process, a real data of conventional operating
conditions and parameters were collected from the Siam Hard Chrome Co., which

is a company in Thailand dealing with hard chromium plating. The nonlinear
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behavior of the electroplating process is defined as follows
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dt Pw prLtuber ’

_ (Tp — Twi) — (Tp — Two)
AT’lm - 1 (Tp_szi) )
(Tp—Two)
1
U, =

Ay | Aon(do/di) | 17
Aih QTFKLtube h

BQloss
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(7.1a)
(7.1b)
(7.1¢)
(7.1d)

(7.1e)

where the first state of the system is the temperature of the plating solution 7,

the second state is the temperature of the outlet cooling water from the plating

bath T, and the control input is the inlet flow of the cooling water to the plating

bath F,,. We are interested in maintaining the output of the process 7, at the

desired reference. Just to simplify the differential equations (7.1a) and (7.1b), the

expression for the logarithmic mean temperature difference T}, in (7.1¢) and the

overall heat transfer coefficient U, in (7.1d) were separated. Variable Q55 in (7.1e)
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represents the heat loss from the plating bath. The nonlinear behavior is caused
by the logarithmic mean temperature difference (7.1c) and also by heat loss (7.1e).
The parameters used in (7.1) are listed in Table 7.1.

Table 7.1: Process variables and parameters.

’ Parameters ‘ Units Values
Electric current (1) A 3500
Voltage (V) A% 5.5
Outer diameter of heat exchanger tube (d,) m 0.0254
Inner diameter of heat exchanger tube (d;) m 0.0224
Outside surface area for heat transfer (A,) m? 5.067 x 1074
Inside surface area for heat transfer (A;) m? 3.9422104
Heat transfer area of heat exchanger (Ap) m? 1.489
Heat exchanger length (Lyype) m 18.66
Overall heat transfer coefficient (U,) kW /m? °C 0.58484
Density (p) kg/m?

- Plating solution (p,) 1174.4
- Cooling water (p.,) 992.25
Specific heat capacity of plating solution (Cp) | kJ/kg.°C

- Plating solution (Cp)) 4.9172
- Cooling water (Cp.,) 4.181
Electroplating bath volume (V},) m? 11.35
Electroplating bath temperature (7},) °C -
Temperature of the out water stream (T,) °C -
Flow of the out water stream (F,) m3s! -
Heat loss from a plating bath (Qjoss) KJ/s -
Coefficient of heat loss (aq,,..) - 1.96 x 107°
Coefficient of heat loss (8g,.,..) - 2.8806

The process (7.1) is subjected to physical limitations on the flow of the cooling

water

1x107m3s™ ! < F, <2x 103 m? !, (7.2)
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as well as limitations on both temperatures T, and Ty, as

30.0°C < T, <70.0°C, (7.3a)
26.5°C < Tyo < 95.0°C. (7.3b)

Furthermore, we assume that the cooling unit is able to cool down the recycled
water’s temperature to T,,; = 26.5 °C. During the electroplating procedure anodes
and the object, which should be treated, are connected to the power supply. The
value of the voltage and the electric current are chosen based on the material of the
object and the desired thickness of the new surface. During the electroplating pro-
cedure, due to the supplied electricity, the plating solution’s temperature starts to
increase. The temperature in the plating bath is crucial for the successful electro-
plating. In case when the temperature is over the desired value the flow of cooling
inlet water is increased. Furthermore the water had to circulate consistently, which
means even if the temperature of the plating solution is lower than the desired the
minimal water flow remains. The objective is to maintain the temperature of the
plating solution at the desired 50°C (Zitko et al., 2010). Our goal is to design
such a MPC controller, which is able to maintain the temperature in the plating
bath, while there will not large overshoots in the flow of the cooling water and the
physical limitation of the system will be satisfied.

Three different MPC setups will be presented in sequel. In each of them, we
use the same form of the objective function, where we penalize the tracking error
of the controlled output and the increment of the control input. The reference
temperature was set to 50°C and the simulation time was set to 5100 seconds,
which is a real process time received from the industry. The initial temperature of
the plating solution was set to 47 °C, while the temperature of cooling water on the
outlet was set to 30 °C. In the simulations, plant model mismatch was considered,
by changing parameters U, and Q,ss by £10% compared to their nominal values.
The prediction horizon in each cases was set to N = 5 and with sampling period
T, = 15s.

7.1.2 Nonlinear MPC

In the first presented MPC setup we consider quadratic penalization on the dif-
ference between the current and desired temperature of the plating solution and

also the value of the increment of the control action is penalized by a quadratic
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function. The weighting matrices @ and R are scalars since only one output and
one input is considered. First we formulate a non-linear MPC problem as

N—-1
min Y Qyk — ther)® + RAU} (7.42)

UQy-e o, UN—1
k=0

st. zpyq = ap + Ty V- Uoif:éi:;l/:) — Qloss, (7.4b)
=+ 0, P I G i) g4
ATy, = @5 IT“’(E;T% o), (7.4d)
(z,—a})
Vo= A 1111(d Jd) |, 1’ (7.4e)
Ah T SrKLim. TR
Qloss = OéQlossAsuriczllem , (7.4f)
yr = Cg, (7.4g)
Tmin < Tk < Tmax; (7.4h)
Umin < Uk < Umax, (7.41)
Auy = up — ug-1, (7.4j)
zo = z(t), (7.4k)
u_y =u(t—1), (7.41)

where constraints (7.4b)-(7.4j) are enforced for all k = 0,..., N — 1. Constraint
(7.4b) and (7.4c) represent the discretized model of (7.1), where we assumed 2! =
T, and 2?2 = Tywo. We used forward Euler’s discretization scheme. The objective
function is quadratic and the constraints are not linear, therefore control problem
defined in 7.5 must be solved by a non-linear numerical solver. The optimization
problem was solved in Matlab (MATLAB, 2010) by using a built in fmincon solver.
We used a built-in interior-point algorithm to solve (7.4). The values of penalty
matrices are = 1 and R = 100. Those values were chosen experimentally.
We choose integral squared error for performance index Its value for this setup is
ISE = 3.5566 x 10*. The evolution of the system is depicted in Fig 7.2(a) and
Fig 7.2(b). Since we had a nonlinear optimization problem a non-linear numerical
solver was used, which is almost impossible to implement in hardware with limited
computation resources. As it can be seen in Fig. 7.2(a) the controller was able to

move the system and maintain the desired temperature. However the evolution of
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Figure 7.2: Evolution of the process controlled by (7.4)

the temperature of the plating solution seems to be a slow procedure, we need to
realize that the volume of the plating bath is V, = 11.35 m® and also a specific
heat capacity of the plating solution is high Cp, = 4.9172 kJ/kg.°C. This is the
reason of the high regulation time, which is around 20 minutes. Also the control
action presented in Fig. 7.2(b) fulfilled the saturation. The small oscillation of the

control action was caused by model mismatch.

7.1.3 Linearized MPC

Our second approach used a simplified formulation of the process that was linearized
around the actual state in every sampling time. This gives rise to a time-variant
model with matrices A(t), B(t) and f(¢).

Thanks to this additional linearization the MPC problem could be formulated
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as QP and solved more effectively.

" an szl Q(yr — Yret)? + RAUZ (7.5a)
T =0

s.t. xpy1 = A(t)zr + B(t)ug + f(t), (7.5Db)

yr = Cy, (7.5¢)

Tmin < T < Tmax, (7.5d)

Umin < Uk < Umax; (7.5€)

Aug = up — Up_1, (7.5f)

xo = z(t), (7.5g)

u_y =u(t—1). (7.5h)

We used Gurobi optimization solver to solve the given QP. Using Yalmip Tool-
box (Léfberg, 2004) the persistent linearization could be easily implemented, since
the parameter varying optimization problem can be defined by the built in optimizer
function. This allows us to update the time varying parameters, A(t), B(t) and
f(t), of the mathematical model defined in (7.5b) in each simulation step. The
values of the weighting matrices in the simulation were set to @Q = 2.5 and R = 90.
The value of the ISE is 3.5640 x 10*, and the process progress is presented in
Fig 7.3(a) and Fig 7.3(b). As can be seen, the evolution of the temperature of the
plating solution is similar to the previous setup. Since the mathematical model
used for simulation has time varying parameters U, and Q;,ss, there will be always
mismatch between the model for simulation and the model used for prediction
purposes.

In this example we showed that, for such a system with slow dynamics even the

persistently linearized model is suitable to achieve control goals.

7.1.4 Linear MPC

After realizing that, by decreasing the computational complexity we are still able to
create a simpler controller with an acceptable performance, we wanted to explore
further simplification possibilities. In order to obtain computationally the cheapest
possible controller only one linearized model was used. This means, we eliminate

the linearization scheme, which was presented in the previous section. We linearized
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Figure 7.3: Evolution of the process controlled by (7.5)

the system in it’s stable equilibrium (7.6),

T; = 50.0009°C (7.6a)
T8, =34.2110°C (7.6b)
F$ =5.2607 x 10~ *m3s™! (7.6¢)

and we obtained variables A, B and f. The whole optimization problem could be
precomputed by parametric programming, which means there is no need for exter-
nal solvers, just a mere function evaluation is required to obtain the solution. This

approach has the lowest online computation demand and fastest online evaluation

time.

N-1

min Y Qyk — yrer)” + RAU;, (7.72)
R

s.t. g1 = Az + Bug + f, (7.7b)

yr = Cg, (7.7¢)

ZTmin < Tk < Tmax; (7.7d)

Umin < U < Umax, (7.7¢)

Auy = up — ug-1, (7.7f)

zo = (1), (7.7g)

u_y =u(t—1). (7.7h)
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Figure 7.4: Evolution of the process controlled by (7.7)

Since the system has slow dynamics this control design was also sufficient from
the point of constraint violation and control performance. The values of the weight-
ing matrices are Q = 1 and R = 10 while ISE = 3.5566 x 10*. The temperature and
control variable evolution are depicted in in Fig 7.4(a) and Fig 7.4(b). As can be
seen even this simple MPC setup was able to control and maintain the temperature
to the desired 50°C. The results showed that even the MPC based on one linear

model is suitable for this system after appropriate tuning.

7.1.5 Summary

In this section the hard chromium electroplating process was presented. The pa-
rameters of the process are values received from the industry. Three MPC setups
were presented. Each of the three designed MPC control techniques has different
performance and computation requirements. The first discussed method most ac-
curately describes the behavior of the systems, but since the model is non-linear a
non-linear optimization problem must be solved in order to obtain the optimal val-
ues of the control action. The next presented method uses persistent linearization,
where the computational requirements are lower since only convex QP problem
need to be solved, but also an additional linerization scheme was added in order to
update the matrices of the linear model. The third presented method considered
a linear model, which was linearized in the steady state operation conditions. All

the described approaches were able to control the system without violating the
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Table 7.2: Control performance comparison.

Method ‘ Non-linear Linearized Linear
Fmincon [s] 0.290565 - -
Gurobi ] - 0.009075 -
Linearization [s] - 0.002716 -
Point Location [s] - - 0.001981
Total time [s] 0.290565 0.011791 0.001981
ISE [] 3.5566 x 10 | 3.5640 x 10" | 3.6009 x 10*

145

constraints and the differences in the chosen performance index were minor. Since
the system has slow dynamics it is enough to use linear MPC, which has the low-
est computational requirements. Table 7.2 summarizes the results of the proposed
MPC setups. The last MPC setup is also implementable on a PLC like devices
since there is no need for external numerical solvers.

In this section, we considered only one batch operation. In the future, it would
be interesting to consider multiple batches, where the thickness of the requested sur-
face on the treated material will not be identical. In order to change the thickness
of the surface, the value of the electric current are voltage should be changed. In
this case, the controller should incorporate with another parameters, which would
be the value of the electric current and the voltage. Moreover, since it is not a
continuous process, also the manipulation time to withdraw the plated material
and time needed to immerse the another workpiece should be considered in the

future.

7.2 Magnetic Manipulation

The result presented in this section are the outcome of the joint work with Jifi
Zemanek from the Czech Technical University in Prague. We will demonstrate
MPC implementation to a process with extremely fast dynamics. This section
represents only the first step of an interesting experiment and control design. The
future plans also involve size reduction of the device, manipulation of more than
one object at the same time, and extension from 2D to 3D. This could bring new

possibilities and new control challenges. We believe that in a not so distinct future
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the principle of magnetic manipulator could be used in modern non-invasive surgery

techniques.

7.2.1 Device Description and Problem Formulation

The magnetic manipulator depicted in Fig. 7.5 consists of four separate modules.
Each module contains four coils and the control electronics which is located on the
bottom. Power supply connectors are located on each side of the module. This
allows to simply extend the magnetic manipulator platform. A surface with touch
foil is located over the set of coils. This pressure-sensitive plate is used to obtain
the actual position of the object, which is located above the coils. Furthermore
it is also possible to detect the position of the objects by an optical system. The
objects are recognized by color thresholds. The physical dimension of the plate is
20 by 20 centimeters and the coils are arranged in a regular 4-by-4 grid. The device

can operate at a frequency up to 1kHz.

Each coil can be activated separately. The only stable equilibrium points are
located above the coils. The position of the object without feedback can only be
moved to the center of the coil. There is also an unstable equilibrium point between
the coils. However, if only two neighboring coils are activated there is no chance

to move the object to the unstable equilibrium.

The objective is to design an MPC controller which will manipulate the current
supplied to each coil such that the ball follows a prescribed trajectory. The reason
why MPC is employed stems from the fact that constraints play an important role
(Bemporad et al. (2004)). Specifically, the controller must ensure that the ball
never falls off the plate and that the calculated currents stay within their physical

limits.

7.2.2 Control Synthesis

For the sake of clarity of explanation, in this section we first present control design
assuming one-dimensional motion of the ball along a line. In this setup, only 4 coils

along the line will be activated. Under such conditions the model of the motion of
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Figure 7.5: MAGMAN - Magnatic Manipulator Device

the ball is given by
pz = Vg, (78&)

4
by =7 Y F(pa,i)Ts, (7.8b)
=1

where p, represents the position of the ball, and v, denotes the ball’s velocity.
Moreover, T; is the current supplied to the i-th coil, and F(p,,) is the magnetic
force generated by the i-th coil as a function of the ball’s position. The final force
is then obtained by a superposition principle. Finally, v is a system’s constant.
The following analytic representation of the function F(p,,4) was obtained by ex-

perimental identification by our colleagues in Prague:

—0.1857(p, — 1)
((pe — )2 4 0.3303)3”

F(pa,1) = (7.9)

which assumes that the ball’s position p, is normalized to the interval [0, 5]. If
pz = 1, then the ball is directly above the first coil, if p, = 2, then it is above the

center point of the second coil, etc.
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Force [N]

0.5 1 15 2 25 3 3.5 4 4.5 5
Position [-]

Figure 7.6: Force as function of position. Red line represents the minimal and black

line the maximal force

By assuming that the minimal applicable current is zero, and the maximal limit
is 0.8 (expressed in dimensionless, normalized units), one can plot the minimal and
maximal force which the array of 4 coils can generate as in Fig. 7.6. Any force
between the two functions shown in Fig. 7.6 can be generated by an appropriate
selection of the respective currents. As can be seen, the area of generate forces forms
a non-convex set, which represents a nonlinear constraint on decision variables (the

currents) in the control problem.

The problem of employing (7.8) in MPC is due to its nonlinearity. Specifically,
F(py,i) is a nonlinear function, and the model also features a product between
F(pz,i) and the control inputs 7;. To avoid nonlinearity, we propose to replace
the nonlinear term by a new decision variable, which will represent the required

acceleration of the ball, i.e.,

ay = Z F(pz, )T, (7.10)
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Using this substitution, the model in (7.8) turns into a linear system of the form
pe| o1
Vg 0 0
1 0] [ ““’] : (7.11D)
v

which is a well-known double integrator system.
With the model (7.11) at hand, standard convex MPC can be used to look for

optimal accelerations required for the ball to reach a certain position. However,

ag, (7.11a)

Y

the constraints on the acceleration have to be chosen in a conservative fashion as
not to exceed the allowed authority depicted in Fig. 7.6. Another disadvantage of
this approach is that the MPC controller only provides optimal accelerations, not
the coils’ currents. To find the currents that generate a particular acceleration, we

propose to solve the following linear programming problem:

4
min » 7T (7.12a)
i=1
st.oag = F(ps, )T (7.12D)

It is important to notice that in (7.12) both the acceleration a, as well as the
current position p, are assumed to be known. Once p, is known, the quantity
F(ps,i) can be evaluated from (7.9). Therefore the value of F(p,,i) is treated
as a constant in (7.12), and thus the constraint is linear. Minimizing the sum of
currents provides the least possible excitation of the magnets required to create a
certain acceleration.

The overall implementation is therefore as follows:

obtain information about current states p, and v,;

e obtain the optimal acceleration a, by solving an MPC problem,;
e solve for T;, i =1,...,4 from the LP in (7.12);

e apply all currents 7T; to the device;

e request new state measurement at the next sampling instant and repeat from

the beginning.
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The procedure discussed above can be easily extended to the two-dimensional
scenario where the position of the ball is controlled along both axis. In particular,

the nonlinear model then takes the form

Do = Vg, (7.13a)
4
be =7 Y Falpepy,isi)Tij, (7.13b)
i=1,j=1
Dy = Uy, (7.13¢)
4
by =7 > Fyepy.i,4)Tij, (7.13d)
i=1,j=1

where p,, and p, denote, respectively, positions of the ball along the x- and along the
y-axis. Moreover, F,(-) is a force along the x-axis generated by the coil situated at
coordinates ¢ and j (the first coordinate corresponds to the x-axis, the other one to
the y-axis), and Fy(-) is the force along the y-axis generated by the corresponding

coil. The force functions are given by

—0.1857(py — 1)

Pz — )2 + (py — j)* +0.3303)3
—0.1857(p, — 7)

P — )2 + (py — 5)2 + 0.3303)3"

Fy(pm,pyviaj) = (( (714b)

To eliminate the nonlinear terms from (7.13), we propose to introduce additional
variables a, and a,, which effectively denote accelerations along the corresponding

axis:

4
Gy = Z Ff(pzvpyaiaj)ﬂ,j, (7]_53)
i=1,j=1
4
ay = Fypepy )Ty (7.15b)

i=1,j=1



7.2. MAGNETIC MANIPULATION 151

The the system’s model simplifies to

p.] o 1 0 0] [p] [0 0
el 100 0 0] |u 0 [a,
Vel = Vel Y o (7.16a)
syl o0 0 1] |p,| |0 of|a
o] Lo 0 0 of [v,] [0 A
] Pa
10 0 0] v,
y = vl (7.16b)
0 0 1 0] |p,
Uy

which is linear. It can thus be employed to synthesize an MPC controller as de-
scribed in previous sections. Note, however, that such an MPC controller produces
accelerations a, and a, as decision variables. To convert the accelerations into
currents, the following linear programming problem needs to be solved after the
MPC problem:

min > T, (7.17a)

stoap= Y Fp(papy,i, j)Tij, (7.17b)

i=1,j=1
4
y = Z Fy(paspy, 1, 9) T (7.17¢)

i=1,j=1

(7.17d)

Again, it is important to note that p, and p, are known at the time problem (7.17)
is solved. Thus Fy(ps,py,t,j) and Fy(ps,py,J,j) are constant and therefore the
constraints in (7.17) are linear.

The procedure reported above was first verified by a simulation, results of which
are shown in Fig. 7.7(a), Fig. 7.7(b) and Fig. 7.8. Subsequently, the MPC approach
was also implemented on the real device, albeit only in the one-dimensional sce-
nario. Several changes of the reference positions were made during the experiment
and the results are presented in Figures 7.9(a) and 7.9(b). The oscillation around
the set point was caused by the sensor and of course the small imperfection of the

balls and plates surface.
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Figure 7.7: Simulation results in two dimensional case
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Figure 7.8: Ball’s position in 2D
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Figure 7.9: Experimental results



7.3. SUMMARY 155

7.3 Summary

In this part of the work two different systems were introduced with several MPC
setups. We have shown that the control performance which is sufficient enough
could be achieved by appropriate tuning. However in the case of the electroplating
process we expected that the control evolution will be incomparably better in case
of assuming non-linear model of the system compared to those methods, where
we considered only linear approximations of the systems behavior. Thanks to the
systems slow dynamics and the limitation of the control variable it was shown
that in some cases even simpler MPC could be implemented in order to achieve the
desired performance. In case of the second system it was shown how could be a non-
linear MPC problem formulation divided into separate parts in order to reduce the
complexity of the optimization problem. Since this system has a relatively high
sampling frequency the computation time and effort required to solve the non-
linear MPC are higher we were looking for model simplification. In case of such a
decomposition only convex problem need to be solved, which can be precomputed
by parametric programming. The EMPC was shown to be fast enough to control
to magnetic manipulation systems. In the real case scenario oscillation around the
desired reference could be detected. This could be caused by imperfection on the

ball’s and plates surface or the badly identified parameters of the considered model.






Chapter

Conclusions and Future Research

In this work we investigated the possibilities of Model Predictive Control technique
in different applications. The beginning of the work is dedicated to complexity
reduction techniques that are useful when the advanced control technique must
be implemented on the real device. Different approaches were presented. Since
each application needs different approach during the synthesis there is no universal
method to obtain the desired complexity.

The next part was dedicated to a code generation, where the goal was to create
a new module to Multi-Parametric Toolbox, which is able to export the parametric
solution of the optimization problem in programming languages such Python and
JavaScript. The profit of the new module is demonstrated in 3 different applica-
tions. On the computer game, where MPC took place as an artificial player. The
second application deals with the control of Ar.Drone2’s yaw angle, while the last
application introduces the possibility to use the code generation for temperature
control in the single zone building.

The last part of the work deals with the problem of implementing MPC in
various nonlinear process. Different simplification techniques were used in order to
implement controller with the lower computation demand.

Motivation for future work can be summarized in three points:

1. Complexity reduction of explicit model predictive control

However interesting and applicable results were presented, there are still pos-

sibilities to reduce the memory or computational demand of the final para-
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metric solution. With the effective reduction technique the industry could use
the remaining computational resources for another applications. Our goal is
to merge the discussed method with recent approach presented in (Kvasnica
et al., 2015), which does not require to store the critical regions in the form
of H-representation. However until now this method is applicable only for
the original control parametric solution, we believe that further improvement

is possible.

. Code generation

With the new code generation module in hand we are able to export the
parametric solution to different programming languages. Python and even
JavaScript are popular programming languages, and thanks to the new mod-
ule the implementation is easy. The merging with an actual applications can
be done in a plug-and-play manner. With this module the benefits of the para-
metric programming could be used in non-trivial or not directly control based
applications, like computer games or web based applications. Until now the
export procedure works only if the defined MPC problem could be solved as
a LP, QP, MILP or MIQP, because only the parametric solution of the listed
optimization problems have the form of PWA defined over polytopic regions.
In the future it would be beneficial to consider an export module for systems,
which have non-linear dynamics and the final optimization problem leads to
non-linear programming problem. For this purpose the new module should be
created, which can handle even nonlinear systems. After the appropriate for-
mulation of the optimization problem, the export procedure should generate
a file with the definition of the non-linear optimization problem together with
the appropriate solver. We plan to add an another logical switch, which will
take care about the choosing of appropriate numerical solver. The goal will
again to create such an export procedure, which create a self consistent file,
which would contain all the necessary mathematical operations to obtain the
optimal control action for the given parameter. This could increase the num-
ber of potential users of the Multi-Parametric Toolbox, since even systems
with non-linear dynamics could be handled in the future. Furthermore since
the code generation module presented in this work aim web based languages,
is would be interesting to create such an application, which has decentral-

ized structure. On each end of this structure an electronic device would be
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located and by using it’s free computational power a larger scale problems
could be solved. Recent problems like intelligent house control techniques,
which combines numerous control actions and measurable factors, could also
find attractive the code generation. We possible could use the free compu-
tational power of the mobile devices or computers to calculate and send the
optimal control actions via internet connection to the actuators. In the future
our goal is bring together different technologies to make it possible to create

a revolutionary applications.

. Nonlinear Model Predictive Control

Generally in case of non-linear MPC different simplification techniques used
to be used in order to make the computation of the optimal control action
more tractable. Usually linearization of the non-linear mathematical model
used to be done around the given operation point. In some other cases based
on more operation points a PWA mathematical model used to be introduced
in order to approximate a non-linear behavior of the real system. In the future
it would be interesting not to simplify the mathematical model and obtain the
real optimal control action. It would be beneficial to compare the performance
of the linear, PWA or non-linear models. Therefore our goal is to explore the
possibilities of methods like direct single-shooting, direct multiple-shooting or
orthogonal collocation. Each of the methods uses different techniques to solve
the construction NLP. In the future it would be beneficial to generalize these
methods based on their computational requirements and control performance

for different systems. It could be a good survey for the future scientist.
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Resumé

Predkladand dizerta¢na praca pojednava o syntéze a implementécii prediktivneho
riadenia. Prediktivne riadenie je moderny pristup, ktory pouziva matematicky opis
realneho procesu na predpoved’ jeho budiiceho spravania. V porovnani s klasick-
ymi pristupmi, vyhodou prediktivneho riadenia je schopnost’ predpovedat’ vyvoj
systému v case. Na zaklade toho je mozné urcit’ taky akény zasah, aby mohli
byt’ dodrzané vopred urcené obmedzenia na stavové, vystupné a vstupné veli¢iny.
Okrem tychto obmedzeni sa daji zakomponovat’ aj zlozitejsie reldcie. Kvalitu
regulacného priebehu moézeme ovplyvnit’ spravne zvolenou ucelovou funkciou. Po
uspesnom naformulovani problému optimélneho riadenia sa danda formulacia pre-
mietne do tvaru optimaliza¢nej tlohy, ktori je mozné vyriesit’ pomocou optimal-
izaénych nastrojov. Musi sa vSak vyriesit’ opakovane za dany vzorkovaci cas.
Samotny vypocet je casovo naroény a vyzaduje vhodny vypoctovy vykon. Niekedy
nie je mozné zvysit' maximdlny cas alebo zabezpecit’ silnejsi hardvér. Tymto
obmedzeniam sa dokazeme vyhnit’ implementaciou explicitného prediktivneho ri-
adenia, ktoré predstavuje predpocitanie optimaliza¢ného problému pre vsetky mozné
riesitel'né pociatocné hodnoty. Takyto predpocitany optimaliza¢ny problém nepotre-
buje v implementacnej faze ziadne dodatkové numerické nastroje na rieSenie, vyzaduje
iba maticové nasobenie a s¢itanie. Pocas rieSenia nie je potrebné ratat’ inverzie
alebo pouzivat’ delenie, tym padom je samotnd implementicia jednoduchsia a
spravnost’ vysledného algoritmu sa da jednoduchsie overit’. Kvoli nizkym im-
plementacnym poziadavkam je tato forma riadenia vel'mi popularna a ziadand v
priemysle.

Nevyhodou explicitného rieSenia je jeho pamét’ova naro¢nost’. Explicitny predik-

173



tivny regulator je vysledkom parametrického rieSenia optimalizacného problému
formou PWA funkcie, ktord je definovand nad polytopickymi (mnohostennymi)
regiénmi. Pre spravne vyhodnotenie je potrebné si ulozit’ informécie o vsetkych
regionoch. Ich mnozstvo exponencialne rastie s dizkou predikéného horizontu a
v ¢im vysSej dimenzii je definovany parametricky priestor, tym viac pamite je
potrebnej na ulozenie daného regiénu. Konecna pamit’ova stopa vysledného reg-
ulatora moze prekrocit’ fyzikalne hranice daného zariadenia a tym padom sa neda
implementovat’. Nagim cielom je navrhnut’ rozne techniky na znizenie zlozitost
parametrického riesenia optimalizacného problému. Prvy pristup prezentovany v
tejto préaci vyuziva vlastnosti ucelovej funkcie. V pripade, ze tvar tcelovej funkcie
optimaliza¢ného problému je linearny, tak aj samotné parametrické riesenie bude
po castiach afinne. V pripade, ze sa hodnota ucelovej funkcie zvysi o danu hod-
notu (stage cos), vytvori sa trubica, v ktorej je zarucena stabilita systému. Ciel'om
je najst’ novi po c¢astiach afinnu funkciu, ktord sa nachddza vo vymedzenej tru-
bici. Tento problém sa da naformulovat’ ako nelinedrny optimalizaény problém.
Nevyhodou tohto pristupu je naro¢nost’ rieSenia optimaliza¢ného problému aj pri
nizsich dimenzidch. Ako d’alsi sposob na redukciu zlozitosti parametrického riese-
nia uvazujeme v tejto praci o aproximacii zakona riadenia. Pri tomto postupe sa
znova skonstruuje parametrické rieSenie s nizsim predikénym horizontom, aby sa
ziskali nové kritické regiony, nad ktorymi by sa mal vytvorit’ aproximovany akény
zéakon. Ak chceme, aby bola unia kritickych regiéonov rovnakd pri formulécii opti-
maliza¢ného problému, pouzije sa maximélna pozitivna invariantna mnozina. Urcia
sa prieniky jednotlivych regionov, ktoré sa delia d’alej na simplexy. Nad simplex-
ami uz mozeme aplikovat’ aproximaciu zakona riadenia vyuzitelnu uz aj vo vyssich
dimenziach. Tieto aproximacéné metddy sice znizuju vykon reguldtora, ale aspon
zabezpecia splnenie pamét’ovych kritérii na ispesnt implementaciu.

Pri implementacii explicitného prediktivneho riadenia je potrebné ulozit’ para-
metrické rieSenie ako aj vytvorit’ algoritmus, ktory na zaklade vstupného parametra
vyextrahuje rieSenie z optimalzacného problému. Existuje viacero druhov algorit-

mov. Tato praca sa zaoberd s tromi najznamejsim pristupmi:
1. sekvencné vyhl'adavanie
2. rozsirené sekvencné vyhladavanie

3. binarny strom
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Pri sekvenénom prehl'addvani algoritmus vySetruje, ¢i dany bod patri do regiéonu
alebo nie. V pripade, ze sa bod nenachadza v regione, jeho index as pouzije na
vypocet akéného ¢lena z ulozeného afinneho zakona riadenia. V nasledovnom kroku
sa cely proces zacina od zaciatku. V pripade rozsireného sekven¢ného vyhl'adava-
nia sa okrem vySetrovania, ¢i dany bod patri do regiénu, este vyhodnoti hodnota
ucelovej funkcie v danom bode. Nésledne sa vyberie index regiénu, v ktorom je
hodnota vyhodnotenej tcelovej funkcie najnizsia. Tento pristup sa vyuziva vtedy,
ked’ samotna funkcia akéného zakona nie je spojita alebo sa prekryvaji regdny.
Posledna moznost’ je najefektivnejsia spomedzi troch spomenutych. Pri prehl’ada-
vani bindrneho stromu krok za krokom, sa dé vyluc¢it’ polovica neprehl'adanych
regiénov. Téato metdda je vyuzivand vtedy, ked’ parametrické rieSenie pozostava
z vel’kého mnozstva regionov. Ako priklad uvedieme 1000 regiénov. V tomto
pripade, na zistenie indexu pozadovaného regiénu je potrebnych iba 10 porovna-
vacich operacii. Kym uz samotné vyhl'adavanie je vel'mi efektivne, skonstruovanie
bindrneho stromu hlavne vo vyssich dimenzidch je ¢asovo i vypoc¢tovo narocné.
Ciel'om tejto prace je navrhniut’ novy modul do Multi-Parametrického Toolbox-u,
ktory by zabezpecil automatické generovanie zvoleného algoritmu a potrebnej in-
formécie o parametrickom rieseni. Modul bol navrhnuty tak, aby si mohol koncovy
uzivatel’ vel'mi jednoducho vyberat’ zo spomenutych algoritmov. Na exportovanie
parametrického riesenia staci v programovom prostredi Matlab vyhodnotit’ iba
jednu funkciu. Téato funkcia vytvori na zdklade poziadaviek od uzivatel'a novy si-
bor, ktory bude obsahovat’ vietky potrebné informécie. Dalsi vygenerovany stibor
je sebestacny, ¢o znamend, ze nepotrebuje d’alsie externé kniznice pri implemen-
tacii. Modul podporuje export do programového prostredia Python a JavaScript,

kym néazvy funkcii zabezpecujice export v Matlabe su:
1. toPython
2. toJavaScript

Obe funkcie pozaduju argumenty ako parametrické riesenie optimaliza¢ného
problému, nazov vygenerovanej funkcie a typ prehl'adavacieho algoritmu. Po zadani
spravnych argumentov vytvori modul novy stbor: v pripade exportu do Pythonu
s priponou .py, v pripade exportu da JavaScript-u s priponou . js a .html. Stbor
HTML slizi uz len na kontrolu, ¢ export prebehol tspesne. V pripade obidvoch
jazykov je spdjanie uz s existujucimi aplikdciami vel'mi jednoduché. Implemento-

vatel'nost’ modulu je ukdzana na troch odlisnych aplikdcidach. Na jednej znamej
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pocitacovej hre sme sa snazili navrhnit’ prediktivne riadenie na riadenie vysky.
Druhé aplikécia sa zaobera riadenim lietajiceho zariadenia s ndzvom Ar.Drone2,
kym posledné aplikdcia ukazuje moznost’ vyuzitia exportovacieho modulu na ri-
adenie tepelného komfortu v budove.

Posledné kapitoly prace opisuju implementéciu prediktivného riadenia na dvoch
odlisnych linedrnych systémoch. Jeden systém predstavuje problém riadenia galva-
nizécie a druhy riadenie polohy gulicky pomocou magnetického pola. Oba systémy
st nelinedrne a pri navrhu prediktivneho riadenia boli pouzité rozne pristupy na
vysporiadanie sa s nelinearitou.

Ako d’alsie pokracovanie tejto prace uvazujeme o pokracovani vo vyvoji ex-
portovacieho modulu tak, aby umoznil implementaciu nielen explicitného predik-
tivneho riadenia, tym padom by koncovy uzivatel mohol vyuzivat’ benefity aj
explicitného, aj online pristupu. Vysledky jednotlivych sekcii, ktoré vznikli v
spolupraci s kolegami z Ceské Technické Ucen{ v Praze, Chulalongkorn University in
Bangkok a Slovenskej Technickej Univerzity v Bratislave, este nebol odpublikované.
Spomenuté vysledky st zo sekcii opisujicich riadenie tepelného komfortu, riadenie
galvanizacie a riadenie gulicky pomocou magnetického pola, ktoré so spoluautormi

planujeme publikovat’ po doladeni detailov v blizkej budicnosti.
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