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Abstract

This dissertation addresses scalable, robust model predictive control (MPC) for con-
strained, uncertain systems. The first contribution develops set-based rigid and elastic
tube MPC implementations in the freely available MATLAB toolbox MPT+. Rigid
tube MPC is designed, tuned, and experimentally validated on a laboratory plate
heat exchanger. The elastic tube MPC extension is validated on an embedded heat-
exchanger platform, demonstrating satisfaction of input constraints and recovery after
a forced actuation disruption. The second contribution focuses on implicit tube MPC
as a scalable alternative to explicit set-based tube construction. The formulation is
implemented in MPT+, validated on a large-scale reactor-separator benchmark, and
experimentally evaluated on the laboratory smart greenhouse VESNA, accounting for
actuator limits, environmental disturbances, and the coupled dynamics of controlled
variables. An offset-free implicit tube MPC design and numerical implementation
are developed for a hybrid heat-integrated distillation system affected by fouling and
plant-model mismatch. The industrial case study evaluates robust offset-free tracking
in setpoint-tracking and disturbance-rejection scenarios. Compared with conventional
PID control, the controller improves tracking, reduces overshoot under conservative
tuning, and enables shaping of energy consumption through MPC weighting matrices.
Fuel cost and carbon dioxide emissions are also considered, indicating that robust
predictive control supports safe and energy-conscious operation. The third contribution
presents a real-time tunable implicit tube MPC formulation. Selected penalty factors
are tuned online without recomputing the associated auxiliary tube MPC design
problem. Fixed tube-design parameters and relaxed first-step constraints preserve
recursive feasibility and stability while enabling runtime adaptation of the closed-loop
behavior and reducing conservativeness. Numerical validation on the reactor-separator
benchmark demonstrates that the tunable controller closely approximates the perfor-
mance of the corresponding non-tunable implicit tube MPC, with only a negligible
performance loss, while removing repeated tube redesign from the online tuning loop.
The thesis provides scalable, practically implementable, and robust MPC strategies for
constrained, uncertain systems, spanning set-based tube construction, implicit tube
representations, and real-time tunable formulations.






Abstrakt

Tato dizertacnd praca sa zaoberd skalovateInym robustnym prediktivnym riadenim
(MPC) pre ohrani¢ené neurcité systémy. Prvym prinosom je vyvoj implementécii
MPC zalozeného na rigidnych a elastickych tubach vo volne dostupnom MATLAB
toolboxe MPT+ s vyuzitim mnozinovych operacii. MPC zalozené na rigidnych tubach
je navrhnuté, ladené a experimentdlne validované na laboratérnom vymenniku tepla.
Validacia MPC zalozeného na elastickych tubdch na vnorenej platforme vymennika tepla
potvrdzuje dodrzanie vstupnych ohraniceni a navrat k riadeniu po vypadku akéného
zéasahu. Druhy prinos sa zameriava na MPC zalozené na implicitnych tubach ako
skalovatelni alternativu konstrukcii zaloZzenej na mnozinovych operéacidach. Formulacia
je implementovand v MPT+, validovana na velkorozmernom systéme reaktor-separator
a experimentilne overend na inteligentnom skleniku VESNA s ohranic¢enymi akénymi
¢lenmi, poruchami z prostredia a previazanou dynamikou riadenych veli¢cin. MPC
zalozené na implicitnych tubach bez regulacnej odchylky je navrhnuté pre hybridnd rek-
tifika¢ni kolénu s integrovanym ohrevom, zanasanim a nestladom modelu s procesom.
Priemyselna pripadova stidia hodnoti robustné sledovanie referencie bez regulacne;j
odchylky pri sledovani ziadanej hodnoty a potldcani portch. V porovnani s kon-
vencnym PID riadenim reguldtor zlepsuje kvalitu riadenia, znizuje preregulovanie pri
konzervativnom ladeni a upravuje spotrebu energie prostrednictvom vahovych matic
MPC. Analyza zahfnia aj ndklady na palivo a emisie oxidu uhli¢itého, ¢im potvrdzuje
podporu bezpecnej a energeticky tspornej prevadzky. Treti prinos predstavuje for-
mulaciu MPC zaloZeného na implicitnych tubach laditelnd v redlnom ¢ase. Vybrané
penalizacné faktory su ladené online bez opatovného prepocitania prislusnej pomocnej
tlohy navrhu MPC zalozeného na tubéch. Fixné parametre navrhu tuby a uvolnené
ohranicenia v prvom kroku zachovavaju rekurzivnu riesitelnost a stabilitu, pricom
umoznuju menit spravanie uzavretého regulacného obvodu a znizovat konzervativnost.
Numericka validacia na systéme reaktor-separator potvrdzuje takmer ekvivalentni
kvalitu riadenia v porovnani s neladitelnym MPC zalozenym na implicitnych tubéach,
a to len so zanedbatelnou stratou kvality, pricom odstranuje potrebu opakovane
konstruovat tuby. Praca poskytuje skalovatelné a prakticky implementovatelné ro-
bustné MPC stratégie pre ohranicené neurcité systémy, od mnozinovej konstrukcie
tuby cez implicitné reprezentacie tuby az po laditelné formulacie v redlnom case.
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CHAPTER 1

Introduction

Industrial control systems are expected to operate close to physical, safety, and
economic limits. Process plants, energy systems, and many others are affected by
actuator saturation, constraints on system states, disturbances, plant—-model mismatch,
sensor noise, and operating conditions that change over time [53]. In such settings, the
controller is expected not only to improve nominal performance but also to preserve
constraint satisfaction and closed-loop system stability when the plant deviates from
the prediction model [62]. These requirements have made model predictive control
(MPC) one of the central methodologies of modern constrained control [33]. Its
constrained-control foundations and practical design principles are developed across
the broader MPC literature [5]. However, retaining these guarantees while reducing
computational complexity and enabling real-time controller adaptation remains an
open implementation-oriented challenge.

MPC formulates the control task as a finite-horizon constrained optimization problem
built on a prediction model of the plant [33]. The optimization problem contains the
multivariable plant dynamics, constraints on control inputs and system states, and
performance objectives that express the desired trade-off among tracking accuracy,
actuator usage, and economic or operational requirements [5]. Only the first optimized
control input is applied to the plant. After the next measurement, the horizon is
shifted and the optimization is solved again. The resulting implementation is called
the receding-horizon control principle [33]. This repeated re-optimization introduces
feedback and allows the controller to react to disturbances and modeling errors
while preserving the constraint-aware structure of the design. This combination is
particularly important in process control, where product quality, energy consumption,
safety margins, and actuator limits interact in ways that are difficult to coordinate
with conventional single-loop control structures [53]. Applications in energy and
process systems show that predictive controllers can improve operating performance
and reduce energy demand when compared with more classical control strategies [40].
Similar benefits have been reported for constrained predictive control in numerous



2 Introduction

process-industry applications [30].

The ability of MPC to handle constraints through optimization is also one of its main
implementation limitations. The controller normally solves an optimization problem
at every sampling instant, and the size of this problem grows with the number of
system states, control inputs, constraints, and prediction steps. This computational
burden is acceptable for many slow industrial processes, but it becomes restrictive
for embedded hardware, fast sampling rates, high-dimensional systems, and robust
formulations in which uncertainty has to be treated explicitly [62]. The development
of MPC has therefore been shaped not only by control-theoretic guarantees, but also
by the need to make these guarantees computationally tractable. This implementation
drawback helps explain why proportional-integral-derivative (PID) controllers remain
widespread in embedded and industrial practice, despite their limited ability to handle
multivariable interactions and hard constraints [39].

This computational difficulty has also influenced the numerical methods and software
tools used for MPC. A large part of this effort focuses on quadratic optimization,
because quadratic programming (QP) problems appear directly in linear MPC [33]
and as structured subproblems in many nonlinear MPC algorithms. Reviews of
QP methods for nonlinear MPC emphasize the role of optimal-control structure in
solver design [23]. Embedded implementation has also motivated code-generation
and structured solver developments, as illustrated by CVXGEN [35] and OSQP [65].
Modelling environments used later in this thesis, in particular YALMIP [32] and the
Multi-Parametric Toolbox [14], further show that implementation choices are part of
the controller design problem itself.

An efficient way to reduce the online computational load is explicit MPC [4]. In this
approach, all of the optimization burden is moved offline by treating the measured
system state as a parameter [1]. The online controller then evaluates a precomputed
feedback control law rather than solving the finite-horizon problem at every sampling
instant. This makes explicit MPC relevant for microcontrollers and other resource-
limited platforms, provided that the stored controller remains small enough [22].

The main limitation of explicit MPC is complexity growth. The memory needed
to store the precomputed controller and the cost of online controller evaluation can
increase rapidly with the system dimension, prediction horizon, and number of con-
straints. This has motivated approaches that keep the speed of explicit evaluation
while reducing memory footprint or simplifying the control law. Examples include
optimal region merging and complexity reduction of piecewise-affine partitions [12],
clipping-based simplification [25], separation-function-based simplification exploiting



input saturation properties [28], low-complexity controller design and verification in
MPT3 [26], and polynomial approximation of explicit feedback control laws with sta-
bility and constraint-satisfaction guarantees [27]. Reachability-based methods remove
regions that are irrelevant for the closed-loop evolution [24]. Lattice piecewise-affine
approximations provide structured approximations of explicit control laws [73]. Neural-
network approximations replace the stored partition by a learned mapping while
attempting to retain acceptable closed-loop performance [6]. These developments show
that embedded MPC is not only a matter of solving an optimization problem quickly, it
is also a matter of choosing a representation that fits the available memory, arithmetic,
and real-time scheduling constraints.

Implicit, or online, MPC follows the opposite implementation philosophy: the optimiza-
tion problem is solved during operation rather than stored as a complete parametric
solution. This avoids the memory burden of explicit partitions, but it leaves the
online solver in the feedback loop. For embedded and implementation-oriented control,
the choice between explicit and implicit MPC is therefore a design trade-off between
memory, online computation, adaptability, and model dimension.

Computational tractability alone does not make a predictive controller safe in the
presence of uncertainty. A nominal controller can react to disturbances through
feedback, but nominal feasibility does not guarantee that constraints on system states
and control inputs remain satisfied for all admissible disturbance realizations. Robust
MPC addresses this limitation by incorporating uncertainty into the controller design.
Early work on constrained predictive control under bounded uncertainty established
the importance of robustifying the nominal prediction against model mismatch and
disturbances [36]. The subsequent development of robust constrained MPC further
clarified how recursive feasibility and closed-loop system stability can be preserved
under uncertainty when the controller is designed with appropriate invariant sets and
tightened constraints [29].

Tube-based MPC is a widely used robust predictive control strategy for constrained
uncertain systems. Instead of optimizing over all possible disturbed trajectories, it
predicts a nominal trajectory and keeps the true disturbed trajectory inside a tube
around it. A local stabilizing feedback control law compensates for disturbances,
while the nominal constraints are tightened so that the original plant constraints
are satisfied for every admissible disturbance. Earlier work on persistent bounded
disturbances used such constraint restrictions to keep the predictive controller feasible
and constraint-satisfying [7]. A central rigid tube MPC formulation established this
construction for constrained uncertain systems [36]. Efficient tube controllers further
developed the use of robust positively invariant sets and constraint tightening [55], [38].
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The tube framework has since been extended to output-feedback designs [37], reference
tracking [31], homothetic tube parameterizations [58], elastic tubes [59], sampled-data
systems [10], linear parameter-varying systems [15], and parallel explicit implemen-
tations [70]. From the implementation point of view, the robust controller keeps the
interpretation of tube MPC, while its computational representation is better aligned
with larger optimization problems and software-supported implementations.

The same tube idea has also influenced more recent uncertainty descriptions. Dis-
tributionally robust predictive control considers uncertainty not only in individual
disturbance values, but also in the probability distributions from which disturbances
are drawn [68]. Ambiguity-based tube MPC propagates uncertainty sets in probability
space for nonlinear stochastic systems [72]. Wasserstein tube MPC retains the nomi-
nal trajectory and error-tube structure while modifying the tightening according to
distributional ambiguity [2]. Tube-based distributionally robust MPC for nonlinear
process systems continues the same line of work on robust constraint satisfaction with
probabilistic descriptions of uncertainty [75]. These methods show that tube construc-
tions remain useful under richer uncertainty descriptions, but they also increase the
computational demands of uncertainty-aware predictive control.

A persistent bottleneck in classical tube MPC is the reliance on explicit set-based
operations. Robust positively invariant sets, Pontryagin differences, and terminal sets
define the tightened constraints and invariant regions used by the controller, but their
explicit computation can become demanding or numerically intractable as the system
dimension grows. This limits repeated controller redesign and restricts the use of
rigid tube MPC in large-scale applications. Implicit tube MPC [56] addresses this
difficulty by representing the tube through auxiliary variables and support-function-
based constraints instead of explicitly constructing the tube cross-section. Implicit
terminal ingredients continue this movement away from explicitly constructed terminal
sets [60].

Reducing computational complexity is not the only reason to move beyond the classical
rigid tube. A fixed tube cross-section can be conservative when the effect of distur-
bances changes along the prediction horizon or when the plant has operating regimes
with different sensitivity to uncertainty. This has motivated non-rigid tube parameter-
izations, including fully parameterized and homothetic tubes [57], [58]. Elastic tube
MPC [59] follows the same direction by allowing the tube cross-section to vary along
the horizon while preserving robustness guarantees. More recent scaled-zonotopic
formulations continue this direction by improving the scalability of flexible tube rep-
resentations [9]. Time-varying cross-section tube MPC extends this idea further by
treating the changing cross-section itself as part of the controller design [71]. A recent



highly efficient approach of configuration-constrained tube MPC and self-optimizing
terminal ingredients further illustrates the broader search for tube parameterizations
that maintain constraint-satisfaction guarantees without unnecessary conservatism,
see [69, 19, 21, 20], and references therein. Robust constraint satisfaction does not by
itself guarantee accurate reference tracking. In process applications, persistent distur-
bances and plant—-model mismatch often produce steady-state offsets if the prediction
model does not capture the effect that causes the mismatch. Offset-free MPC addresses
this issue by augmenting the prediction model with disturbance dynamics, estimating
the disturbance online, and computing steady-state targets that are consistent with the
estimated mismatch [47]. A tutorial account compares the disturbance-model approach
with observer-based and velocity-form interpretations [45]. Further work clarifies the
role of disturbance modeling and observer design in state-space predictive control [66],
as well as practical formulation issues in offset-free MPC [46]. Robust setpoint track-
ing formulations connect the offset-free objective with constraint satisfaction under
uncertainty [44]. This is particularly relevant in thermal and separation processes,
where fouling, heat-transfer degradation, composition uncertainty, and unmeasured
load changes can gradually shift the steady-state relation between manipulated and
controlled variables [42].

For robust tube MPC, online tunability is more tightly coupled to the safety con-
struction. Changing the penalty factors may also change the stabilizing feedback
gain, the tube parameters, the tightened constraints, and the terminal ingredients.
Asynchronous tube redesign offers one way to update a robust tube controller on
demand, but repeated set computations remain restrictive for real-time or large-scale
implementation [64]. This motivates robust MPC formulations in which closed-loop
behavior can be tuned online without losing recursive feasibility and robust stability.

The literature survey provides separate components for robust, implicit, tunable MPC,
however, these components are underdeveloped in control scenarios when the target is
an MPC controller that is simultaneously constraint-aware, tunable, computationally
scalable, and experimentally implementable. Robust tube MPC typically relies on
fixed design ingredients, whereas online tuning may affect the feedback gain, terminal
ingredients, and constraints. This thesis therefore investigates how stability-aware
tube-based MPC formulations is modified and implemented so that their closed-loop
behavior is tunable in real time while preserving recursive feasibility, robust stability,
and implementability on the considered platforms.
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Thesis Goals

The main goal of this thesis is to develop and validate safe, constraint-aware, and
tunable MPC design methods for large-scale and implementation-oriented platforms.
The thesis focuses on MPC controllers that preserve constraint satisfaction under
bounded disturbances, enable meaningful online tuning of closed-loop behavior, and
remain computationally tractable in the considered design and deployment settings.
More specifically, the thesis addresses the following goals:

1. Safe tube MPC for uncertain systems: implementation, analysis, and
validation. The goal is to implement, analyze, and validate tube-based robust
MPC strategies for constrained systems affected by bounded disturbances and
plant-model mismatch. The analysis and validation cover laboratory, embedded,
large-scale, and industrially oriented case studies.

2. Real-time tunability of implicit tube MPC: The goal is to develop a tunable
implicit tube MPC strategy that allows the closed-loop behavior to be adjusted
online through penalty tuning without requiring a complete redesign of the
tube ingredients or repeated solution of the auxiliary tube-design optimization
problem in real time.

3. Open-source software-supported implementation of tube-based con-
trollers: The goal is to integrate the developed robust-control methods into
Multi-Parametric Toolbox (MPT)+ and support reproducible controller design,
closed-loop performance analysis, visualization, and implementation preparation
for embedded platforms.



CHAPTER 2

Theoretical Background

This chapter establishes the theoretical background used throughout the thesis for con-
strained and robust predictive control. It establishes the notation and formulates the
main assumptions, optimization problems, cost functions, constraints, and terminal
ingredients of finite-horizon MPC' for linear systems. The chapter then introduces
implicit MPC, in which the optimization problem is solved online, and explicit MPC, in
which the parametric solution is computed offline and evaluated online as a piecewise-
affine control law. The following robust-control part of the chapter introduces the basic
set-theoretic concepts needed for constraint satisfaction under uncertainty, with empha-
sis on robust positively invariant sets and their approximations. These notions lead
naturally to tube-based MPC, in which the system state is decomposed into a nominal
component and an error component. This separation allows the nominal MPC law to
address performance and constraints, while a local feedback law keeps the actual system
state inside a tube around the nominal trajectory.
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2.1 Model Predictive Control

Model Predictive Control (MPC) is an advanced control strategy that utilizes a mathe-
matical model of a system to predict its future behavior and determine optimal control
inputs. At each sampling instant, MPC solves a constrained finite-horizon optimal
control problem, applies only the first control action, and repeats the procedure at the
next time step. The receding horizon control approach introduces feedback into the
control loop, enabling the controller to react to disturbances and model mismatch [62].

The strength of MPC lies in its ability to systematically handle multivariable systems
and explicitly incorporate constraints on system states and control inputs. This makes
it particularly suitable for applications where physical or safety limitations have to
be satisfied. MPC also provides a unified framework integrating optimal control,
estimation, and constraint handling [33].

2.1.1 Formulation of Conventional MPC Design Problem

Consider a discrete-time linear time-invariant (LTT) system of the form

Tpq1 = Azxy, + Buy,

oo o0, (2.1)

where z, € R™ is the system state vector, uxy € R™ is the control input vector,
A € R™ ™ is the state matrix, B € R™"*™ is the input matrix, and k& € Ny denotes the
discrete-time index.

The associated conventional MPC design problem is formulated as a finite-horizon
optimal control problem:

N—1
mUin rNPry + Z (z Qi + uy, Ruy) (2.2a)
k=0
S.t. xp41 = Az + Buy, (2.2b)
zr € X, ur €U, (2.2¢)
ry € X, (Q.Qd)
xo = x(t), (2.2¢)
where N € N is the prediction horizon, U = [u] ,...,ug_;]" € R™ is the optimized
control input sequence, xg, ...,xy are the predicted system states, and z(t) € R" is

the measured or estimated system state at the current sampling instant. The matrices
Q € R"™™ and R € R™*™ define the stage-cost penalties, while P € R™*" defines the



2.1 Model Predictive Control 9

terminal penalty. The sets X C R™ and U C R™ impose constraints on system states
and control inputs, and Xy C R"™ is the terminal constraint set.

Assumption 2.1 (Prediction model and constraints). The pair (A, B) is controllable.
The constraint sets X and U are compact, convez, and contain the origin in their strict
interiors. The weighting matrices are square and satisfy Q = 0, i.e., Q) is positive
semidefinite, and R = 0, i.e., R is positive definite. Moreover, the pair (Q'/?, A) is
detectable.

Assumption 2.2 (Terminal set and terminal penalty). There exists a local terminal
controller k¢ : X¢ — U such that the terminal set Xg is control invariant for the nominal
model (2.1), i.e., for every x € X¢, the successor state Ax + Bre(x) remains in X¢ and
the terminal control input ke(x) remains admissible. Moreover, the terminal penalty
Vi(x) = o7 Pz satisfies

Vi (Az + Brg(z)) — Vi(z) < —l(z, K¢ (2)), Vo € Xy, (2.3)

where {(z,u) = 2" Qr +u' Ru.

After solving (2.2), only the first optimizer u§ is applied to the system. At the next
sampling instant, the current state is measured or estimated again and the finite-
horizon problem is solved with the updated initial condition. This receding-horizon
implementation gives MPC its feedback benefits and distinguishes it from an open-loop
optimal control problem [62].

2.1.2 Recursive Feasibility and Stability

Recursive feasibility and closed-loop system stability are strong theoretical properties
of a well-established MPC design problem. The problem in (2.2) is solved only over
a finite horizon, but the resulting MPC controller is considered to operate indefinitely.
It is therefore not enough to find an admissible control input sequence at the current
sampling instant, but the optimization problem should remain feasible at future
sampling instants, and the closed-loop system trajectory should approach the desired
steady-state value [62].

Recursive feasibility means that feasibility of the optimization problem (2.2) propa-
gates along the closed-loop system trajectory for given initial conditions. From this
perspective, the relevant set is the N-step feasible set

Xn = {z € X: (2.2) is feasible for z(t) = x} (2.4)

and recursive feasibility requires the MPC control law to produce a successor system
state that again belongs to Xy. Under Assumption 2.2, this is addressed by the
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terminal constraint xy € X; together with the local terminal controller k¢. The
control-invariance condition can be written as [5]

reXy = Azx+ Bre(r) € Xy, ke(z) € U. (2.5)

This gives the conventional shifted-sequence argument for recursive feasibility. After
the first optimal control input is applied, the remaining optimized control inputs are
shifted by one step and the local terminal controller is appended at the end. The
shifted sequence provides a feasible candidate for the next optimization problem, so
feasibility at the current step implies feasibility at the next one [62].

For MPC design problem (2.2), asymptotic stability is usually guaranteed by using
the optimal value function V3 (x) formulated as a Lyapunov function. In this role, the
optimal cost is required not only to be finite, but also to decrease along the closed-loop
system trajectory. For the quadratic stage cost in (2.2a), with £(z,u) = 2" Qz +u ' Ru,
this is commonly expressed as the Lyapunov descent condition

VR ((t+ 1) = V(1) < —(z(1), ug)- (2.6)

The prediction model, cost, and terminal properties in Assumptions 2.1 and 2.2 provide
the usual ingredients to achieve this decrease [62]. The terminal penalty represents the
cost beyond the finite prediction horizon, while the terminal set and local controller
ensure that the controller has a feasible continuation after the horizon ends. Under
these assumptions, the origin is asymptotically stable for all initial system states in
the feasible set Xy.

The value function and terminal ingredients are therefore crucial not only for the
nominal MPC problem (2.2), but also for several MPC variants built on the same
finite-horizon formulation. For the linear MPC problem (2.2) with quadratic costs and
polyhedral constraints, the optimal resulting value function is piecewise quadratic over
the polytopic MPC critical regions defining the domain of the feasibility set, which
also supports stability analysis in the multi-parametric setting [4], see Section 2.1.4.

In robust tube MPC, the analogous principles are applied to the nominal trajectory and
combined with invariant error bounds and tightened constraints to preserve constraint
satisfaction for all admissible disturbances, see Section 2.2.1.

2.1.3 Implicit MPC Design Framework

In its conventional form, MPC is implemented implicitly by solving the optimization
problem online at each sampling instant. For linear systems with quadratic cost and
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polyhedral constraints, the online optimization problem (2.2) is a quadratic program-
ming (QP) problem [23]. However, the computational complexity of solving a QP
online represents one of the main limitations of MPC, especially for systems with fast
dynamics or limited computational resources. This is particularly relevant in embedded
implementations, where both computational power and memory are constrained. The
most relevant aspects for successful real-time implementation are therefore directly
tied to the structure of the optimization problem, the numerical method used to solve
it, the memory layout of the implementation, and the predictability of the online
computation.

To address these challenges, various numerical methods have been developed. Code-
generation tools such as CVXGEN [35] illustrate how small embedded convex programs
can be turned into predictable custom solvers. Operator-splitting solvers such as
OSQP [65] are attractive when structured quadratic programs must be solved repeatedly.
Embedded implementations of linear MPC solvers, including HPIPM [11], also highlight
the importance of exploiting problem structure and numerical linear algebra in real-time
deployment.

2.1.4 Explicit MPC Design Framework

An alternative approach to reducing online computational complexity is explicit
MPC, which shifts the computational burden from the online phase to an offline
precomputation step [1]. In explicit MPC, the optimization problem is formulated as
a multi-parametric quadratic program (mp-QP), where the current system state x(t)
is treated as a parameter. The solution of this parametric problem is a piecewise affine
function of the system state [4].

As a result, the control law can be written as a piecewise-affine function of the system
states:

u(x) = Fix+g;, ifzeR,, (2.7)

where v*(z) is the optimizer evaluated at the current system state, ¢ is the index of
the active critical region, F; € R™*™ and g; € R™ define the affine control law in that
region, and R; C R"™ are polyhedral regions forming a partition of the system state
space.

The offline phase consists of computing these polyhedral sets, known as critical regions,
together with their associated affine control laws. During online operation, the control
action is obtained by determining which critical region contains the current system
state and evaluating the corresponding affine function. Software tools such as the
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Multi-Parametric Toolbox [14] have made this construction accessible for constrained
and explicit MPC design.

This significantly reduces the online computational effort, as the optimization problem
is replaced by a point-location problem usually having a form of a suitable lookup
table and a simple matrix-vector multiplication. This makes explicit MPC particularly
suitable for real-time and embedded applications when the number of critical regions
and the memory footprint are manageable.

However, the number of critical regions typically grows exponentially with the system
dimension, number of constraints, and prediction horizon. This leads to high memory
requirements and increased complexity of the critical region search. As a result, explicit
MPC is mainly applicable to systems of moderate size.

Despite these limitations, explicit MPC provides valuable insight into the structure of
the optimal control law. It also forms the basis for approximate and hybrid approaches
that aim to balance computational efficiency and scalability [1].

2.2 Robust Model Predictive Control

The conventional MPC formulation relies on a nominal prediction model and assumes
perfect knowledge of system dynamics. In practice, however, real systems are affected
by model mismatch, parameter variations, external disturbances, and measurement
errors. These effects may lead to deviations between predicted and actual trajectories,
potentially resulting in degraded performance or violation of constraints [62].

Robust Model Predictive Control (RMPC) extends the MPC formulation by explicitly
accounting for such uncertainties. The goal is to ensure that the system constraints
are satisfied for all admissible realizations of uncertainty while maintaining acceptable
control performance [36].

A general uncertain system can be described as [62]
Try1 = Tk, uk, &), (2.8)
where £, € 2 C R™¢ represents a generic uncertainty, = is a compact set containing the

origin, and f : R™ x R™ x R™ — R"” is the uncertain prediction model. A common
specialization is the uncertain linear time-invariant (LTI) system with additive bounded
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disturbances [38]

Tpr1 = Az + Buy + Edy, dr €D, (2.93)
wy, = Edy, W := ED. (2.9b)

Here di, € D C R™ is the disturbance input before multiplication by the disturbance
matrix F € R"*" while wy € R™ is the additive disturbance acting directly on the
system state equation. Thus, D is the admissible set for the disturbance input and
W is its image in the system state space. When F = I, the two descriptions coincide.
In the tube MPC formulations below, this disturbance is written in the equivalent
additive form [29]

Tre1 = Az + Bug +wg, wg € W. (2.10)

where the additive disturbance satisfies W C R"™. Unless stated otherwise, the distur-
bance set used in the robust tube construction is represented as the polyhedron [38]

W={weR":e]w<1l, VieIw}, (2.11)

where e; € R™ denotes the normal vector of the ith disturbance set inequality and Zw
is the corresponding finite index set. If the disturbance is specified before the matrix
E, the set D describes admissible disturbance inputs and the additive disturbance set
is its image W = ED.

Uncertainty may also enter through system parameters, where the matrices A and B
are not fixed but belong to a prescribed uncertainty set. However, additive disturbance
models (2.9) are especially common when external disturbances or modeling errors are
considered explicitly in robust MPC [55].

The main requirement in RMPC is that constraints are satisfied for all admissible
additive disturbances, equivalently for all admissible disturbance inputs mapped
through w = Ed [36], i.e.,

rzr €X, ur €U, VYw,eW. (2.12)

Thus, the same constraints on system states and control inputs are required to hold
for every admissible disturbance realization.

Several robust MPC formulations were developed to handle this requirement. For
random uncertainty realizations, one possible approach is stochastic MPC [68], which
describes uncertainty through probability distributions and accepts probabilistic, rather
than deterministic, constraint guarantees, with recent chance-constrained formulations
extending this viewpoint to data-driven settings [8]. Scenario-based robust MPC
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replaces the uncertainty set by sampled disturbance trajectories and can provide
probabilistic guarantees when sufficiently many scenarios are considered [62]. However,
these probabilistic methods do not provide rigorous guarantees of hard constraint
satisfaction.

In contrast, the well-known min-max MPC formulation provides guarantees of con-
straint satisfaction for bounded additive disturbances. The min—max MPC controller is
based on the solution of an optimization problem that optimizes against the worst-case
disturbance sequence and therefore gives a direct robust formulation [63].

For the additive model (2.10), the min—max design approach leads to a finite-horizon
optimization problem in which the predicted control input sequence is chosen with
respect to the most adverse admissible disturbance sequence over the horizon. This
can be written as the following worst-case finite-horizon problem [63], [61]:

N-1
uOmg}Vil o, 0% zyPry + ,;) (kaka + ugRuk) (2.13a)
S.t.  xpy1 = Axg + Bug + wy, (2.13b)
zr €X, wup€elU, w,eW, (2.13¢)
zn € Xn, (2.13d)
xo = x(t), k=0,...,N—1. (2.13e)

The inner maximization represents the disturbance sequence that gives the largest
cost, while the outer minimization chooses a control input sequence for that worst case.
In feedback min—max MPC, the future control inputs may also be written as corrected
control inputs that depend on the previously realized disturbances, for example

k-1

up =vp+ > Myw,  k=0,...,N-1, (2.14)

i=0
where vy, is the nominal part of the control input and M, ; are feedback-policy matrices.
Because all admissible disturbance realizations are considered explicitly, the formulation
gives a clear worst-case robust interpretation.

The main drawbacks of min—max MPC are twofold: from the control-performance
perspective, this method provides highly conservative performance, and from the
implementation viewpoint, this approach leads to an optimization problem with
numerous inequality constraints.

Its computational complexity originates in the min—max optimization problem, which
traverses disturbance sequences and becomes computationally intractable as the horizon,
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system dimension, and disturbance description grow. Moreover, since the min—max
controller is designed for the worst-case disturbance realization, the resulting control
action can also be conservative in less severe operating conditions.

This limitation motivates the implementation of less conservative and more computa-
tionally tractable robust MPC formulations.

Throughout this thesis, the tube MPC method is considered for robust MPC design to
address the main implementation challenges.

2.2.1 Tube-Based MPC

Compared to min—max MPC design that evaluates computationally expensive worst-
case optimization in (2.13), tube-based MPC handles the uncertainties through a robust
invariant set constructed around a nominal trajectory.

Consider the additive system (2.10) subject to the disturbance set (2.11) and the hard
constraints (2.12). The sets X and U are assumed to contain the origin in their strict
interiors.

For a stabilizing feedback gain Kg, the conventional rigid tube MPC problem follows
a robust tube construction based on constraint tightening and invariant tubes [38].
The invariant-set approximation used to construct the tube cross-section is based
on a finite-step procedure for robust positively invariant sets [54]. The resulting
optimization problem is written as

N-1

_omin @y Pin+ Y () Qi + iy Ri) (2.152)
Zo,UQs+ -y UN—13TN =0

st. ZTp41 = A% + By, (215b>

ur € Uo KT, (2.15¢)

T, e XoT, (2.15d)

Iy eXyeT, (2.15¢e)

2(t) — o €T, (2.156)

k=0,1,...,N —1. (2.15g)

Here Zj and 4y are the nominal counterparts of the predicted variables in the MPC
problem, and the weights @), R, and P have the same role as in the nominal MPC
formulation (2.2). The gain Kg € R™*" is chosen such that A + BKg is Schur stable.
The set T C R™ is an offline-computed robust positively invariant (RPI) tube cross-
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section, and Xy C R" is the terminal set. In the finite-sum construction used below,
T is given by ‘
T=(l-a) &' (A+BKs) W, (2.16)

where Ng is the finite disturbance-propagation length and « € [0,1) is the associated
scalar scaling parameter [54]. The value of « is evaluated as

B - < .
« }g%é o; < Qol, (2.17a)
N T
;i =h (W, ((A+ BKs) S) e ), VieTw. (2.17b)

Here a1 € [0, 1) is a prescribed tolerance and h(W, v) is the support function of W in
direction v € R",

h(W,v) = max v w, (2.18a)
st. ejw<1, VicZTy. (2.18b)

The resulting receding-horizon control law is given by
pvpc(z) =45 + Ks (z — 25) (2.19)
where the optimizers 4§ and 2} are obtained from (2.15).

Assumption 2.3 (Terminal set and terminal penalty). Consider the nominal prediction
model &+1 = A%y + Bay used in problem (2.15) and the corresponding tube MPC
feedback control law (2.19), with a fized stabilizing feedback gain Kgs such that A+ BKg
is Schur stable. Assume that the terminal set Xx and terminal penalty P satisfy:

(A1) Terminal set. The terminal set Xn is compact, invariant, contains the origin

in its strict interior, and satisfies

(A + BKs):i’ € Xn, vz € Xy, (220)
2eXOT, KsteUoKsT, VieXy. (2.21)

(A2) Terminal penalty. The matriz P is chosen as a stabilizing Lyapunov terminal
penalty associated with the terminal controller Kg, i.e.,

(A+ BKs)' P(A+ BKs) — P < —(Q + KJ RKs). (2.22)

Consequently,

=& P#, ((&,0) = 2" Q& + 0" Ra. (2.23)
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Under Assumption 2.3, the receding-horizon tube MPC law (2.19) is recursively feasible
and preserves constraint satisfaction for all admissible disturbances whenever the initial
condition is feasible for (2.15), by the conventional tube MPC argument [38].
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CHAPTER 3

Set-Based Tube MPC for Constrained
Systems

This chapter presents the development and validation of set-based tube MPC strategies
for constrained systems. The focus is on robust controllers whose safety guarantees are
obtained by surrounding a nominal prediction with a disturbance tube and by tightening
the original constraints accordingly. The research presented here addresses the practical
challenges of ensuring safety and constraint satisfaction in the presence of bounded
disturbances and plant—-model mismatch, with emphasis on laboratory and embedded
validation. The practical deployment of tube MPC' depends on how efficiently the robust
invariant sets defining the tube geometry can be computed and represented. A set-based
formulation gives a clear geometric interpretation of robustness, but it also relies on
offline set operations, in particular Minkowski sums and Pontryagin differences. This
chapter demonstrates how these design steps can be handled systematically with the
developed MPT+ tool and applied to physical processes, providing the set-based baseline
for the implicit and tunable formulations developed in the following chapters.

The chapter is structured around two main research contributions. First, Section 3.1
discusses the implementation and experimental validation of rigid tube MPC on a lab-
oratory plate heat exchanger, building on the results published in [17]. This section
demonstrates how robust tubes can be used to handle constraints on system states and
control inputs in a physical process. Second, Section 3.2 presents the elastic tube MPC
implementation and embedded validation, extending the results from [18] to allow for
time-varying tube cross-sections that reduce conservatism. Both methodologies discussed
in this chapter are supported by MPT+, which streamlines the design, simulation, and
implementation of these robust controllers [16].
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3.1 Rigid Tube MPC

Rigid tube MPC is the baseline approach for the robust control methods considered
in this thesis. It combines a nominal MPC problem with a stabilizing feedback law
that keeps the real system state inside a robust positively invariant tube around the
nominal trajectory. The main benefit of this construction is a clear and verifiable route
to robust constraint satisfaction. A robust tube MPC formulation based on nominal
prediction, invariant tubes, and constraint tightening provides the theoretical basis for
this construction [38]. Efficient tube-controller variants further clarify how such tubes
can be computed and used in constrained control [55].

The formulation considered in this section is the set-based tube MPC problem intro-
duced in Section 2.2.1. The controller is (2.15) together with the feedback law (2.19).
Its safety properties follow from the invariant tube construction (2.16), the tightened
constraints in (2.15¢)—(2.15d), and Assumption 2.3. The contribution considered here
is the practical realization of this design in MPT+! and its experimental validation on
a laboratory plate heat exchanger. MPT+ extends the original MPT workflow from
nominal and explicit MPC design toward robust tube MPC synthesis [14]. The software
package was introduced as an MPC design and tuning environment in [16]. The user
works with the familiar model, constraint, and penalty objects, while the toolbox
constructs the tube-related ingredients required by the theory. In this dissertation, the
rigid tube case therefore serves as the baseline implementation of the safe-MPC part
of the work.

The explicit construction of sets is also the main limitation of this baseline: the
tube cross-section and tightened constraints are computed geometrically, which is
appropriate for low-dimensional systems but becomes restrictive for larger process
models. This motivates the implicit extensions developed later in the thesis.

3.1.1 Rigid Tube MPC Implementation in MPT+

The MPT+ implementation was developed to make the workflow in (2.15) available
without requiring the user to manually construct all robust sets. The design starts
from an MPT-style model definition: the user specifies the matrices A, B, and E, the
constraints on system states and control inputs, the disturbance-input set D and its
induced additive set W = ED, the quadratic penalties, and the prediction horizon.
MPT+ then computes or accepts the stabilizing feedback gain, constructs an invariant
tube approximation, evaluates the tightened constraints, and returns a controller object

Thttps://github.com/holaza/mptplus
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that can be simulated or evaluated at measured system states.

MPT+ was introduced as an extension of the MPT3 workflow rather than as a separate
modeling environment. The package can be installed through tbxManager?,

tbxmanager install mptplus

or added manually to the MATLAB path. In both cases, MPT+ depends on MPT3?
and uses the same modeling objects for uncertain LTI systems, constraints, and
quadratic penalties [14]. This is important in the dissertation context because the
robust tube ingredients are introduced without changing the modeling layer used for
nominal MPC and explicit MPC. The robust controller is constructed by the class
TMPCController, while the underlying model remains an ULTISystem.

This implementation exposes the design parameters that matter in practice: prediction
horizon, weights @) and R, disturbance-input bounds, and available margins for system
states and control inputs. These quantities are the same parameters that were tuned
in the heat-exchanger experiment below. The double-integrator benchmark is used
as a compact, reproducible construction of the controller object before moving to the
laboratory plant. It contains the same robust-design elements as the experimental case:
an additive disturbance channel, hard constraints, automatic terminal ingredients, and
an inspectable tube. The uncertain LTI system is defined as

11 0.5 1 0
Tht1 = |:O 1:| TE + |: 1 :| Ug + |:O 1:| dg, (31)
with initial condition zg = [-5, —2]T. In MPT+, the model is created as follows:

model = ULTISystem(’A’, [1, 1; O, 11, °B’, [0.5; 1], °’E’, [1, 0; O, 1]1);
x0 = [-5; -2];

Here dj, € D is the disturbance input and the additive system state disturbance used
by the tube construction is wy = Edi € W. Since the example uses £ = I, the
componentwise bounds entered through model.d also describe W. The disturbance-
input constraints and the constraints on system states and control inputs are then
specified directly on the model object:

model.d.min = [-0.1; -0.1];
model.d.max = [ 0.1; 0.1];

%https://www.tbxmanager.com/
Shttps://www.mpt3.org/
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model.x.min = [-200; -2];
model.x.max = [ 200; 2];
model.u.min = -1;
model.u.max = 1;

The quadratic weights are attached to the variables representing system states and con-
trol inputs. The optional parameter LQRstability lets MPT+ compute the stabilizing
feedback gain, the Lyapunov terminal penalty, and the terminal set automatically.
This option provides a direct software realization of the terminal ingredients required
in Assumption 2.3:

model.x.penalty = QuadFunction([1, 0; 0, 1]);
model.u.penalty = QuadFunction(0.01);

options = {’LQRstability’, 1};

N =9;

The rigid tube MPC controller is then constructed and evaluated from the initial
system state:

iMPC = TMPCController (model, N, options);
u = iMPC.evaluate(x0);

For the benchmark data above, the first evaluated control move is u = 1, which is the
control input applied by the tube feedback law.

For a more detailed inspection of the optimization variables, MPT+ can be asked to
return the compact vector containing the optimal nominal control input and nominal
initial system state:

options = {’LQRstability’, 1, ’solType’, 0};
iMPC = TMPCController (model, N, options);
ux = iMPC.optimizer(x0);

For the presented example, this vector corresponds to
iy = 0.7026, 25 = [-5.0516, —1.7500] "

The difference between evaluate and optimizer is therefore useful: the former returns
the plant control input generated by the tube feedback law, whereas the latter exposes
the nominal decision variables of the robust MPC problem.
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Figure 3.1: Designed sets for rigid tube MPC in MPT+ for the double-integrator
benchmark: the state and input constraint tightening and the tube cross-
section.

The computed tube-design ingredients are also accessible from the controller object.
This is useful for analyzing how the robust controller tightens the original constraints. In
the benchmark, the stabilizing feedback gain returned by the controller is approximately
Kg = [-0.6609, —1.3261]:

K = iMPC.TMPCparams.K;
Tube = iMPC.TMPCparams.Tube;
figure, Tube.plot();

X_tight = iMPC.TMPCparams.Xset;
figure, X_tight.plot();

U_tight = iMPC.TMPCparams.Uset;
figure, U_tight.plot();

The plots in Figure 3.1 a)-b) depict the geometric representation of constraint tightening
in the rigid tube MPC design enforced by the tube shown in Figure 3.1 c¢). The
constraints on the system state have the form X & T, and the constraints on the
control inputs are given by U & KgT. These tightened constraints are considered
by the nominal prediction. As can be observed in Figure 3.1 a)-b), the volume of
these sets is obviously smaller than the original admissible sets X, U, respectively.
Consequently, the tightened sets lead to conservative decision-making, as the tube
T and its image under Kg reserve margins for all admissible disturbances within the
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extended control law in (2.19). The resulting controller object therefore contains the
elements required by the rigid tube MPC design: the stabilizing feedback gain, the
invariant tube approximation, and the tightened sets for system states and control
inputs. Hence, the software implementation contains the same robust design ingredients
used in (2.15), while keeping the controller construction close to the conventional MPT
modeling interface.

In addition to constructing and visualizing these tube-design sets, the MPT+ toolbox
can generate the corresponding explicit (multi-parametric) tube MPC controller from
the implicit MPC controller object. In this mode, the multi-parametric solution is
computed offline and stored in the explicit MPC controller object eMPC. The explicit
controller is generated by converting iMPC to its multi-parametric representation, and
the corresponding control law can then be evaluated directly:

eMPC = iMPC.toExplicit;
u_exp = eMPC.evaluate(x0);

The explicit MPC controller object is compatible with the graphical analysis tools
inherited from MPT. The feasibility domain, i.e., the polytopic partition, the corre-
sponding piecewise-affine feedback law, and the piecewise-quadratic value function can
be visualized by

figure; eMPC.partition.plot();
figure; eMPC.feedback.fplot();
figure; eMPC.cost.fplot();

The plots in Figure 3.2 are useful when the stored explicit MPC policy has to be
inspected or certified before deployment. Figure 3.2 illustrates how the robust tube
design is represented after the offline multi-parametric solution, while the evaluated
control input u_exp is already the final input applied to the controlled plant.

The available constructor options and output fields can be inspected directly in
MATLAB by calling

help TMPCController

which is useful when switching between controller evaluation, optimizer inspection,
simulation, and plotting during laboratory tuning.
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a) Polytopic partition. b) Piecewise-affine feedback c) Piecewise-quadratic value
law. function.

Figure 3.2: Explicit representation of rigid tube MPC controller generated in MPT+:
critical-region partition, feedback law, and value function.

3.1.2 Experimental Validation on a Laboratory Heat Exchanger

The rigid tube MPC workflow was validated on the Armfield PCT23 laboratory plate
heat exchanger depicted in Figure 3.3. The plant consists of a three-stage indirect
liquid-liquid plate heat exchanger, cold-medium retention tanks, a hot-medium tank,
and two peristaltic pumps. The hot medium is preheated to 60°C by an auxiliary
proportional controller with gain 0.2. During the MPC experiment, the cold-medium
flow is kept constant, the hot-water pump is the manipulated control input, and
the controlled output is the outlet temperature of the cold medium. The process
is nonlinear and asymmetric: heating and cooling responses do not have the same
effective dynamics. This makes the setup useful for testing whether a robust MPC
design can tolerate modeling mismatch while respecting physical limits on the control
input.

The plant was identified from experimental data and represented by an augmented
linear discrete-time model

0.5897 0 0.0426 1 0
AP o] o)

The sampling time was Ty = 3s. The identified dominant time constant was approxi-
mately T" = 341s, which led to the prediction horizon N = 60. The disturbance bound
was set to Wmax = 0.8 to account for measurement noise and residual nonlinear effects.
The integral state in the prediction model provides offset-free tracking, following the
conventional disturbance-compensation logic of offset-free MPC [45]. The reference
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Figure 3.3: Laboratory plate heat exchanger used for rigid tube MPC validation:
(1) heat exchanger, (2) cold medium tank, (3) hot medium tank, (4) cold
medium pump, and (5) hot medium pump.

sequence 30°C — 35°C — 40°C — 35°C was used to evaluate both heating and
cooling behavior.

Two settings for constraints on control inputs were investigated in deviation variables.
The tighter setting,

—30 < u(t) < 20, (3.3)

corresponds to operating the hot-medium pump within approximately 5 %-55 %. The
relaxed setting,

—35 < u(t) < 50, (3.4)

extends the admissible range to approximately 0 %85 %. The quadratic tuning used
in the experiment was

0.1 0
Q= [0 10} . R=150. (3.5)

The smaller weight on the system state tunes the thermal response aggressiveness,
while the larger weight penalizes the integral state responsible for offset-free behavior.
The penalty on the control input was selected with the resource use of the hot medium
in mind, not only the settling time. The laboratory implementation used the eLab
interface for plant communication. The implementation was carried out in MATLAB
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Figure 3.4: Measured outlet-temperature response of the laboratory heat exchanger
under rigid tube MPC.

R2022b with YALMIP R20210331, MPT 3.2.1, MPT+, and Gurobi 10.0 on an i7

1.2GHz CPU with 16 GB RAM.

The measured trajectories are depicted in Figures 3.4 and 3.5. The relaxed constraints
on control inputs give faster temperature settling because the controller can use more
actuator authority. The tighter setting is less aggressive and may require more time to
reach the new operating point, but it also gives a more conservative use of the pump.
The measured temperature was processed by a first-order discrete-time filter with time

Table 3.1: Rigid tube MPC performance on the heat exchanger with relaxed con-
straints on control inputs.

Reference step  t. [s] emax (%] V [L] FE [kJ]
35— 30°C 55 62 3.9 621
30 =+ 35°C 22 33 4.6 725
35 —40°C 130 43 2.7 881
40 — 35°C 40 43 5.2 810
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Figure 3.5: Measured hot-medium pump actuation under rigid tube MPC.

constant Ty = 0.5s before being supplied to the controller, while the figures depict the
measured plant trajectory.

The experimental comparison was evaluated using settling time ¢., maximum overshoot
€max, consumed volume of hot medium V', and the corresponding energy demand E.
The numerical values are reported in Tables 3.1 and 3.2. The relaxed constraints
reduced overshoot and improved output tracking during the reported temperature
steps, but this improvement was achieved by using more hot medium, thereby requiring
more energy. The rigid tube MPC study is therefore not only a software demonstration.

Table 3.2: Rigid tube MPC performance on the heat exchanger with tight constraints
on control inputs.

Reference step  t. [s] emax [%] V [L] E [kJ]

35— 30°C 193 171 4.0 632
30— 35°C 70 73 4.7 733
35 = 40°C 160 99 5.5 844

40 — 35°C 181 241 4.9 771
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It indicates that robust constraint handling, actuator margins, and energy use are
coupled tuning decisions, and that MPT+ makes these decisions accessible through
the same controller object used for simulation and experimental evaluation.

3.2 Elastic Tube MPC

Rigid tube MPC considers one fixed cross-section T in (2.16) along the whole pre-
diction horizon. This construction is robust and conceptually simple, but it may
be conservative because the uncertainty allowance is the same at every prediction
step, independently of the local margins for system states and control inputs and of
disturbance amplification. Elastic tube MPC extends the tube-based design space
by allowing a less rigid description of the predicted uncertainty propagation. In this
formulation, the fixed-geometry assumption is relaxed by optimizing a tube-size pa-
rameter together with the nominal tube center, so that the tube size can adapt to
local conditions, such as varying disturbance amplification or different margins for
system states and control inputs [59].

Consider the uncertain LTI system in (2.10) with additive disturbance and the rigid
tube MPC formulation in (2.15). Elastic tube MPC preserves the same overall structure
as rigid tube MPC, but replaces the fixed tube cross-section T in (2.16) with an elastic
tube template that can be scaled along the prediction horizon.

Let the normalized tube template be the polytope
S(1)={seR" | Hss < 1}, (3.6)

where Hg € R%*"™ and ¢s is the number of tube-template inequalities. Instead of
using only the fixed set S(1), an elastic tube scales the individual inequalities through
scaling parameters a, € RZ,:

S(ag) ={s € R" | Hss < ai} . (3.7

The vector ay, is therefore part of the optimization variables. Values a; > 1 locally ex-
pand the tube cross-section, whereas smaller admissible values represent a contraction.

The predicted tube for system states and the corresponding tube for control inputs
are written as

X = z1 ® S(ay), (3.8a)
U = v, ® KsS(ag), (3.8b)
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where 2y, is the center of the tube for system states and vy is the center of the tube for
control inputs. The associated feedback control law is

ug = (T, 2k, Uk, ag) = vk + Ks(xg — 21), g € 21 D S(ag). (3.9)

This has the same structure as the rigid tube feedback law in (2.19), but the admissible
deviation z; — 2z now belongs to the optimized set S(ay) rather than to a fixed set T.

The tube-propagation constraint is obtained by applying (2.10) to all system states
in Xy, all control inputs generated by (3.9), and all disturbances in W. With Ak :=
A + BKg, robust one-step propagation requires

Az 4+ Bug — Zk4+1 + AKS(ak) OW C S(ak+1). (310)

Using the row-wise support-function representation already introduced in (2.18), this
inclusion can be written as linear inequalities. Define

dw,; =h (W, H{,), i=1,...,qs, (3.11)

and let Lg > 0 satisfy
LgHg = HgAxk. (3.12)

Then (3.10) is enforced by
Hg(Azp + Bug — zi41) + Lsag + dw < agy1. (3.13)

The nonnegative matrix Lg bounds the image of the elastic cross-section under Ay,
while dw accounts for the additive disturbance set in (2.11).

To connect the elastic tube to the hard constraints in (2.12), consider a separated
normalized description

X={zeR"|Gx <1}, (3.14a)
U={ueR™|Hu<1}. (3.14b)

Let Mx > 0 and My > 0 satisfy

MxHs =G, (3.15a)
MyHs = HKs. (3.15b)

The robust constraints on system states and control inputs are then imposed through

Gz + Mxar <1, (3.163,)
Huv, + Myag < 1. (316b)
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These inequalities are the elastic analog of the rigid tightened constraints in (2.15¢)—
(2.15d). If S(1) is chosen as the rigid tube cross-section and aj, = 1 is fixed, the elastic
constraint tightening reduces to the fixed-cross-section interpretation used by rigid
tube MPC.

Let

62{ZQ,...,ZN7’U0,...,UN_1, Cbo,...,aN}

collect the elastic tube decision variables. The elastic tube MPC problem can then be
written as

N-1
mein Vi(zn,an) + Z 0z, vk, ar) (3.17a)
k=0
s.t.  Hg(z(t) — 20) < ao, (3.17b)
ay, > 0, (3.17¢)
Hs(Azp + Bug — zk41) + Lsag + dw < agy1, (3.17d)
Gz, + Mxar < 1, (3.17e)
Hug + Myay, < 1, (3.17f)
(2n,an) € P, (3.17g)
k=0,1,...,N —1. (3.17h)

The initial condition (3.17b) enforces z(t) € zo ® S(ap). Constraint (3.17d) enforces
robust tube propagation for all wy, € W. Constraints (3.17e) and (3.17f) impose robust
satisfaction of constraints on system states and control inputs. Finally, ®¢ is a terminal
set in the lifted (z,a) coordinates. It plays the same role as Xy in Assumption 2.3, but
now includes both the terminal tube center and the terminal tube size. For a scalar
tube-size parametrization, this lift adds only one additional coordinate to the nominal
state.

A common quadratic objective is

Vi(zn,an) = 2y Pz + (an — 1) T Pa(an — 1), (3.18a)
U(2g, v, an) = 2 Quzn + vy Quug + (ax — 1) Qa(ay — 1), (3.18b)

with positive definite weights of compatible dimensions. Penalizing (aj; — 1) discourages
unnecessary tube expansion while still allowing the controller to enlarge the tube when
required for robust feasibility. Consequently, elastic tube MPC retains the robust
constraint-satisfaction principles of tube MPC but reduces conservatism by adapting
the tube cross-section along the prediction horizon.
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3.2.1 Elastic Tube MPC Implementation in MPT+

The elastic tube MPC [59] module extends the analogous MPT+ workflow used for
rigid tube MPC into an end-to-end design and analysis procedure. The user defines
the uncertain system, constraints, disturbance-input set, cost weights, and prediction
horizon, and selects the elastic tube option. The MPT+ extension presented in [18]
then formulates the elastic tube propagation constraints, computes the stabilizing
feedback gain, constructs the terminal ingredients, and returns a controller object
that can be evaluated, simulated, and inspected from a measured system state. The
implementation also computes the nontrivial matrices associated with elastic tube
propagation, so the design task exposed to the user remains comparable to the rigid
cases.

The elastic tube MPC implementation is illustrated on the disturbed double-integrator
model:

model = ULTISystem(’A’, [1, 1; 0, 1],
’B’, [0.5; 11,
E’, [1, 0; 0, 11);

The constraints on system states, control inputs, and disturbance inputs are imposed
by

model.x.min = [-200; -2];
model.x.max = [ 200; 2];
model.u.min = -1;
model.u.max = 1;
model.d.min = [-0.1; -0.1];
model.d.max = .1; 0.1]1;

The cost weights are selected in the same modeling style as for the rigid controller:

model.x.penalty = QuadFunction(eye(2));
QuadFunction(0.01);

model.u.penalty

The finite prediction horizon is set to N = 9, and the elastic controller is constructed
by selecting the elastic tube type:

N =29;
options = {’TubeType’, ’elastic’};
ETMPC = TMPCController(model, N, options);
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Figure 3.6: Elastic tube MPC closed-loop system trajectories for the disturbed
double-integrator benchmark. The upper subplot depicts the system
states z1 (dark blue) and x5 (red), while the lower subplot depicts the
control input u (green). Black dashed and dash-dotted lines denote the
upper and lower constraints.

For the initial condition 2y = [~5, —2] T, the first control action and a finite closed-loop
system simulation are obtained by

x0 = [-5; -2];
u0 = ETMPC.evaluate(x0);
Nsim = 12;

ClosedLoopData = ETMPC.simulate(x0, Nsim);

The result object stores the simulated system states in ClosedLoopData.X. It stores
the simulated control inputs in ClosedLoopData.U. The simulated trajectory is used
to verify stable closed-loop behavior and satisfaction of the hard constraints imposed
on the double-integrator benchmark. MPT+ also provides a dedicated visualization
tool for the elastic tube propagation:

ETMPC.plotTube(’ClosedLoop’, true);
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Figure 3.7: Closed-loop elastic tube MPC with time-varying tube S(ay) (transparent
purple), uncertain system states (green stars), nominal system states
(dark blue crosses), the corresponding rigid tube (gray), and the terminal
set (red).

This command visualizes how the tube cross-section S(ay) expands and contracts
along the trajectory. The resulting plot makes the conservatism of the robust controller
inspectable and therefore tunable. Figures 3.6 and 3.7 illustrate the typical simulation
output. The controller propagates the tube along the predicted trajectory and adapts
its cross-section through the elasticity parameter. Compared with a fixed rigid tube,
this gives a more informative design object: the user can inspect where uncertainty
requires a larger margin and where the tube contracts because the predicted system
state is safely inside the admissible region. The adaptive tube therefore preserves the
robustness role of tube MPC while reducing the conservatism associated with a fixed
cross-section.
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3.2.2 Laboratory Case Study of Embedded Heat Exchanger

The elastic tube MPC workflow was validated on the Sensoric Shi-3-1d compact heat-
exchanger platform associated with the Optimal Control Labs (OCL) material? and
driven by an ESP32-S3 microcontroller [3]. The thermal module contains a 472
heating resistor and an analog temperature sensor. The controlled variable is the
measured temperature deviation, and the manipulated variable is the heater power in
percent applied through a PWM signal. The platform has low-order but experimentally
relevant thermal dynamics: the measured temperature is affected by sensor noise and
ambient airflow, and the control input is constrained by the physical range of the
heater.

The Sensoric Shi-3-1d board is compatible with the ESP32-S3-DevKitC-1 module.
In the experiments considered in this dissertation, the board is equipped with an
ESP32-S3-DEVKITC-1-N32R8V microcontroller. The microcontroller provides a 32-
bit Xtensa LX7 processor running at 240 MHz, 32 MB of flash storage, 512 kB of SRAM,
and 8 MB of PSRAM. The temperature is measured by a TC1047A analog sensor
placed close to the heating resistor. The ESP32-S3 regulates the heating power by
PWM actuation through a transistor, while thermal paste improves the heat transfer
between the resistor and the sensor. At the maximum PWM duty cycle, the resistor
reaches approximately 45 °C.

The control loop is depicted in Figure 3.8. The MPC computation is performed off-
board, while the embedded board handles measurement and actuation through PWM.
In the validation experiments, the MPC computation was performed in MATLAB and
the robust MPC law was modified, tuned, and tested in MPT+. For the experimental
run, the designed tube MPC law was generated in explicit form, so the online controller
evaluation reduced to selecting and evaluating the corresponding precomputed feedback
law. The same workflow can later be moved closer to the embedded target because
MPT+ supports C++ and Python export of the resulting controller. This split
is appropriate for controller validation, because the physical device provides real
disturbances and hardware constraints.

The experimental model was obtained by exciting the system with a sequence of control
input changes that covered both heating and cooling phases, followed by least-squares
identification of the discrete-time step-response data. With sampling time Ty = 0.5,
the identified first-order model is

A=096, B=003 C=1. (3.19)

4nttps://ocl.sk/
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Figure 3.8: Laboratory setup of elastic tube MPC control loop for the compact
heat-exchanger platform.

The disturbance matrix is E = 1, so the disturbance input and additive system state
disturbance coincide. Ambient fluctuations, airflow, sensor noise, and residual modeling
errors are represented by the disturbance-input set

D={deR|-0.1<d<0.1}, W = ED. (3.20)
The physical constraints on system states and control inputs are
20 < z(t) < 45°C, 0 < u(t) <100 %. (3.21)

The controller was constructed with prediction horizon N = 10 and scalar penalty
factors Qx = 70 and @, = 1. All feedback, terminal, and tube-propagation quantities
were computed by MPT+.

In the experiment, the elastic tube MPC controller drives the temperature to the
reference while keeping the heater control input within its admissible range, as depicted
in Figure 3.9. From the initial deviation z¢ = 0.2 °C, the measured temperature reached
the reference y,of = 31.6 °C in approximately 10s. During the initial interval of roughly
0-6's, the actuator reached its upper bound. Afterward, the controller maintained
the reference with only small fluctuations consistent with sensor noise and ambient
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Figure 3.9: Experimental embedded heat-exchanger response under elastic tube

MPC. The upper subplot depicts the reference y,ef (red dashed) and

measured temperature y (dark blue), while the lower subplot depicts

heater actuation u (green), constraints on the control input 0 < u < 100 %
(black dotted), and the forced zero-input interval (magenta).

airflow. A temporary zero-input interval was introduced at ¢t = 25s for 5s to emulate
an actuation disruption. Once the controller regained authority at ¢ = 30s, it recovered
the reference in approximately 5s without redesign or retuning. The measured response
confirms that the controller respects constraints on the control input, compensates for
ambient disturbances and modeling mismatch, and maintains the temperature with
modest actuation once the reference is reached.

3.3 Discussion

This chapter has presented implementation-oriented set-based tube MPC strategies
for constrained systems. The main emphasis was placed on formulations that pre-
serve constraint satisfaction under bounded disturbances while remaining usable in
reproducible software and experimental settings. Rigid tube MPC was implemented in
MPT+ and validated on a laboratory plate heat exchanger, where the results quantify
the effect of constraint tightening on tracking performance and energy demand.
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The elastic tube MPC implementation extends the same MPT+ workflow by allowing
the tube cross-section to vary along the prediction horizon. This reduces the conser-
vatism of a fixed tube while keeping the robust tube interpretation. The embedded
validation on a compact heat-exchanger platform showed input-constraint satisfaction
and recovery after a forced zero-input interval, confirming that tube-based robust
control can be moved from software design to experimentally constrained hardware.

The experimental results also highlight the practical boundary of set-based methods.
Their strength is the combination of safety guarantees and geometric clarity: the tube,
tightened constraints, and invariant sets have a direct interpretation. At the same
time, this explicit representation becomes the main computational limitation. The
offline computation of Minkowski differences, invariant sets, and tightened constraints
becomes increasingly demanding for higher-dimensional systems or for systems with
more complex constraint structures.

This scalability bottleneck motivates the transition to implicit tube formulations in the
following chapters. The aim is to retain the robust constraint-handling objective of set-
based tube MPC, while avoiding the need to explicitly construct all tube-related sets.
This provides a natural bridge from the laboratory-scale set-based implementations
studied here to larger process models where traditional set operations are no longer
computationally practical.



CHAPTER 4

Implicit Tube MPC
for Large-Scale Systems

This chapter focuses on implicit tube MPC as a scalable alternative to the set-based
formulations investigated in Chapter 3. The motivation comes from the practical
limitation of explicit set operations: while they provide a clear geometric interpretation
of robustness, their use becomes increasingly demanding as the system dimension and
constraint complexity grow. The implicit formulation replaces these set operations by
auzxiliary variables and support-function inequalities while preserving robust constraint
satisfaction. This chapter demonstrates how the resulting design can be connected with
the MPT+ workflow and applied to simulation, laboratory, and industrially oriented
case studies, providing the scalable counterpart to the set-based formulations developed
in Chapter 3.

The chapter is structured around three main research contributions. First, Sections 4.1
and 4.2 discuss the implicit rigid tube MPC' formulation based on [56] and its imple-
mentation in MPT+. Second, Sections 4.3 and 4.4 validate the implementation on
a large-scale reactor-separator benchmark, following the results presented in [49], and
on the laboratory smart greenhouse VESNA, building on [41], [51], and [48]. Third, Sec-
tion 4.5 presents the offset-free implicit tube MPC' design, tuning, and implementation
for the hybrid heat-integrated distillation system published in [50]. This industrially
oriented case study combines robust tube-based constraint handling with offset-free
tracking and evaluates the controller’s ability to compensate for plant—-model mismatch,
remove steady-state offsets, and maintain energy-aware operation
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4.1 Formulation of Implicit Tube MPC

The explicit formulation (2.15) requires the tube cross-section (2.16) and the tight-
ened constraints to be constructed through set-based operations. Consequently, the
application range of the set-based tube MPC is restricted only to the systems with
modest complexity. On the other hand, in implicit rigid tube MPC, these operations
are replaced by auxiliary variables and support-function inequalities while preserving
the same robust MPC guarantees [56].

The initial explicit set-based tube membership z(t) — & € T is now represented
implicitly through auxiliary variables w; € R", j = 0,...,Ng — 1, satisfying the
disturbance-set constraints. The realized implicit tube deviation 7 € R" is
Ns—1
T=0-a)" > (A+BKs)w;. (4.1)
§=0

For normalized constraints on system states and control inputs clTx + leu < 1,
l=1,...,N¢g, with ¢ € R", d; € R™, and N¢ denoting the number of normalized
constraints on system states and control inputs, the tightened constraints can be
written using the vector f € RN with components

Ng—1

fi=1-a)* Y n (W, ((A+BKS)j>Tnl), (4.22)

7=0
mzcl—l—KSle, [=1,2,...,N¢. (42b)

Then, the explicit tightened constraints and their implicit representation are equivalent
in the following sense:

(2 x 1) € (X T) x (Ue KsT)), (4.3a)
o dp+dlay<1-f, 1=12... Nc. (4.3b)
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The corresponding implicit tube MPC problem is

N-1
~ min ENPIn + (25 Qax + 4 Ri) (4.4a)
Lo, Ug, W0, - - - k=0
UN—-1,TN,WNg—1
st. @pp1 = Ay + By, (4.4D)
o ip +d gy <1 - fp, (4.4c)
(¢ +d[ Ks)in <1- fi, (4.4d)
x(t)—20=T, (4.4e)
el w; <1, (4.4f)
i € T, (4.4g)
j=0,1,...,Ng —1, (4.4h)
k=0,1,...,N—1, (4.4i)
1=1,2,...,Nc. (4.4j)

The decision variables w; encode the admissible disturbance sequence that realizes
the tube membership condition. The feedback control law remains the same and has
the form (2.19). Thus, the implicit formulation is equivalent to the explicit rigid tube
MPC formulation in terms of robustness, recursive feasibility, and stability, but avoids
explicit Minkowski sums and Pontryagin differences in the offline problem construction.

The main differences between the set-based and implicit rigid tube MPC formulations
are summarized in Table 4.1. In the offline phase, set-based tube MPC constructs
the tube set and the tightened constraint sets explicitly. This construction relies
on set operations, in particular Minkowski sums and Pontryagin differences, which
become limiting for larger-scale systems. The implicit formulation addresses this
limitation by replacing explicit set construction with support-function values and an
implicit tube description. This extends the applicability of tube MPC to systems for
which the explicit set-based construction becomes computationally intractable. On
the other hand, the resulting online optimization problem of implicit tube MPC has
a larger number of decision variables, since the auxiliary disturbance variables wj,
7 =0,...,Ng — 1, are optimized in addition to the nominal states and inputs.

The formulation proposed in [56] is the algebraic realization of the same rigid tube design
summarized in Section 4.1. Instead of constructing T and the Pontryagin differences
explicitly, it uses the auxiliary tube realization (4.1), the tightening vector (4.2), and
the optimization problem (4.4). The safety interpretation is preserved: the nominal
predictions are constrained so that the disturbed plant remains inside the admissible
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tube for all w € W.

Table 4.1: Comparison of set-based and implicit rigid tube MPC formulations.

Set-Based Tube MPC Implicit Tube MPC
Tube Static RPI convex set Tube encoded by dynamic vector
TcX TeR"
. e determine Kg, Ns, and «; e determine Kg, Ngs, and «;
con?tflrjl 1111c1?;i0n o construct the tube set T; e compute support-function val-
e compute tightened sets using ues and the shrinking vector
Minkowski sums and Pontrya- I
gin differences. e avoid explicit construction of
sets.
. Optimized variables: Optimized variables:
Online
control Fr,in, k=0,... N—1 T, bk, k=0,...,N—1

Inequality constraints: wj, J=0,...,Ns -1

z(t)— 20 €T Equality constraints:

x(t) —i‘o = T

The main benefit of implicit tube MPC design is that this approach addresses the com-
putational limitations of set-based rigid tube MPC. Instead of explicitly constructing
the tube cross-section and performing geometric set-based operations offline, the tube
membership and constraint tightening are encoded through auxiliary variables and
support-function-based conditions online.

4.2 Implicit Tube MPC Implementation in MPT+

The practical contribution of the implicit tube MPC MPT+ work is to make this
formulation applicable for systems for which explicit robust set construction is numeri-
cally prohibitive. MPT+ implements implicit tube MPC as a controller option within
the same user-friendly workflow used for rigid tube MPC. The model, constraints,
disturbance-input set, penalty matrices, and horizon in (4.4) are provided in the usual
way. The user then selects the implicit tube type, and MPT+ computes the stabilizing
feedback gain, terminal ingredients, tube approximation parameters, and constraint
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tightening terms. The option LQRstability again delegates the computation of the
LQ feedback, terminal penalty, and terminal set to the toolbox, which is important
because the implicit formulation is otherwise algebraically heavier than the set-based
rigid tube implementation.

From the user perspective, this is a convenient interface change. From the numerical
perspective, it changes the class of systems that can be handled. The MPT+ toolbox no
longer needs to explicitly construct high-dimensional tube sets or perform Minkowski
and Pontryagin operations on them. The same robust safety interpretation is retained,
but the computational burden is shifted from offline explicit geometry to online auxiliary
variables and linear inequalities in a convex optimization problem that can be parsed
and solved with conventional optimization tools handling QPs.

The implementation workflow is first demonstrated on the same double-integrator
model as in (3.1), now with wider bounds on system states. The model and initial
condition are defined by

model = ULTISystem(’A’, [1, 1; O, 11, ...
B, [0.5; 11, ...
’E’, [1, 0; 0, 11);
x0 = [-5; -2];

The constraints and disturbance-input bounds are specified as

model.x.min = [-200; -2];
model.x.max = [ 200; 2];
model.u.min = -1;
model.u.max = 1;
model.d.min = [-0.1; -0.1];
model.d.max = [ 0.1; 0.1];

The penalty matrices are again assigned through quadratic functions:

model.x.penalty = QuadFunction([1, 0; 0, 1]);
model.u.penalty = QuadFunction(0.01);
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The key change is the option TubeType. Setting it to implicit instructs MPT+ to
construct the implicit tube formulation instead of the rigid set-based tube:

options = {’TubeType’, ’implicit’,
’LQRstability’, 1};
N = 9;

The controller construction and evaluation are then identical from the user side:

implicit_MPC = TMPCController(model, N, options);
u = implicit_MPC.evaluate(x0);

Closed-loop simulation is performed by calling the controller object:

Nsim = 12;
CLdata = implicit_MPC.simulate(xO, Nsim);

The returned structure contains the closed-loop system state trajectory CLdata.X,
the control input sequence CLdata.U, and disturbance-input samples CLdata.D. The
important point is that no manual construction of the implicit tube or tightening
vector is required. MPT+ computes the auxiliary parameters, such as the finite tube
length Ng and the tolerance parameter «, during controller construction.

4.3 Simulation Case Study on a Large-Scale System

The implicit tube MPC implementation was evaluated on the reactor-separator bench-
mark depicted in Figure 4.1, adopted from the benchmark model in [13, chap. 6.6]. The
process contains two continuously stirred tank reactors and a separator with recycle.
The first reactor receives feed stream Fig, the outlet of the first reactor is mixed with
the additional feed F5y before entering the second reactor, and the separator returns
condensed vapor to the first reactor. The system state vector contains temperatures
and concentrations of the reactant A and products B and C' in all three vessels. The
manipulated variables are the heat flows Hy, Ho, and H3. The benchmark has one
unstable and two stable steady states, and the control objective is to drive the deviation
variables to the unstable steady-state setpoint while respecting constraints on control
inputs and positivity-related constraints on system states.

The benchmark case study is obviously more demanding than the laboratory heat
exchanger used for the rigid tube experiment in Section 3.1.2. This benchmark system
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Figure 4.1: Reactor-separator benchmark plant used for implicit tube MPC valida-
tion [13].

has 12 system states, 3 manipulated control inputs, and coupled dynamics. The
MPC design used sampling time 7y = 0.1h and prediction horizon N = 20, with
R = diag(1,1,1) - 1072 and Q = diag(Q1, Q2,Q3), Q; = diag(3200,1,1,1) - 103. In
this setting, the set-based rigid tube construction becomes numerically prohibitive
because the required set-based operations grow exponentially with problem dimension.
The implicit formulation avoids this obstacle and allows the robust controller to be
constructed and simulated.

The controlled variables are expressed in deviation form with respect to the unstable
steady state in Table 4.2:

zp,i(t) == Ti(t) — 17, (4.5a)
Tep,i(t) = ca,i(t) — Ch s (4.5b)
Tep,i(t) = cBi(t) — ch (4.5¢)
Teeit) = ccilt) — & (4.5d)

Table 4.2: Steady-state values of the reactor-separator benchmark.

i Ty CAi B i H?
[K] [kmol/m?®] [kmol/m3] [kmol/m?®] [kJ/h]

1 369.53 3.31 0.17 0.04 0

2 435.25 2.74 0.44 0.11 0

3 435.25 2.88 0.49 0.12 0




46 Implicit Tube MPC for Large-Scale Systems

370 E 33 B 017 B 004
= =l 3 3
365 g 3.2 g 016 £ 0.035
S = =3 =,
= 32 015 5 00
360 3 a $ 003
0 01 02 0 01 02 0 01 02 0 01 02
time [h] time [h] time [h] time [h]
435 5278 5 045 iz
o 434 = = = o1
£ 433 2 2.76 g 04 £
S 432 =) =, =,
431 Fom 035 Soos
0 01 02 0 01 02 0 01 02 0 01 02
time [h] time [h] time [h] time [h]
435 ‘E 29 ? 0.5 ‘”E 0.12
= > =5 =
= el 2.85 g 045 g 01
S = =5 =,
= 28 - 04 »
430 3 a goos
0 01 02 0 01 02 0 01 02 0 01 02
time [h] time [h] time [h] time [h]

Figure 4.2: Closed-loop trajectories of reactor-separator system states under implicit
tube MPC.

for i € {1,2,3}. The manipulated variables are the heat-flow deviations
u;(t) := H;(t) — H, i€{1,2,3}. (4.6)

The bounds on control inputs, system states, and disturbance inputs are

-3 —35 —14] 10*<u(@)<[3 35 14] 10% (4.7a)
—z® < z(t), (4.7b)
~0.0021 < d(t) < 0.0021. (4.7c)

The second constraint enforces positivity of the physical temperatures and concentra-
tions after conversion from deviation variables. The disturbance matrix is the identity
matrix, so the additive disturbance used by the tube construction is w(t) = d(t) and
satisfies the same componentwise bounds.
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Figure 4.3: Closed-loop reactor-separator manipulated variables under implicit tube
MPC.

Figures 4.2 and 4.3 summarize the closed-loop simulation. The controller drives
the system state deviations toward the reference while maintaining the manipulated
variables within their admissible range in the presence of randomly generated bounded
disturbances. The simulation started from the deviation initial conditions

21(0) = [~8.84,-0.12, —0.02, —0.01] T,
22(0) = [~4.34,0.01, —0.11, —0.03] ", (4.8)
23(0) = [~4.83,-0.09, —0.12, —0.04] T,

for the first reactor, second reactor, and separator, respectively.

The computational data make the scalability benefit explicit. In the reported imple-
mentation in MATLAB, YALMIP provided the modeling layer for the optimization
problem. The controller was constructed with MPT+, and the optimization problems
were solved with MOSEK 10.0.40. MPT+ formulated the implicit tube MPC problem
in 16.5361s. The resulting optimization problem contained 984 constraints and 60
optimization variables. During the closed-loop simulation, the maximum, average,
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and minimum evaluation times were 0.1406s, 0.0398 s, and 0.0156 s, respectively. The
corresponding set-based rigid tube MPC design could not be constructed because the
geometric set-based operations became numerically intractable. These results show
that implicit tube MPC extends robust constraint-aware control from low-dimensional
demonstrators to larger process systems where explicit tube geometry is no longer the
right computational representation.

4.4 Experimental Case Study on a Laboratory Smart
Greenhouse

The reactor-separator benchmark in the previous section demonstrates the scalability
advantage of implicit tube MPC using numerical simulation. To complement this
result with laboratory validation, this implementation-oriented framework is analyzed
on a smart greenhouse VESNA! presented in [41]. VESNA is a laboratory smart
greenhouse developed for research and education in control and sustainable food
production [41], see Figure 4.4. The device was designed as a compact experimental
platform for testing advanced monitoring and control methods on a real system with
measurable environmental dynamics. Its construction is cuboid, with dimensions
0.5m x 0.5m x 1 m, an aluminum frame, acrylic walls, metal reinforcement, and custom
mechanical parts. The front side provides access to the internal growing space, while
sensors, fans, control electronics, and the power supply are mounted around the side
and back panels.

The greenhouse instrumentation, depicted in detail in Figure 4.4, covers the main
variables that determine the internal microclimate. Temperature and relative humidity
are measured inside the device, while additional sensors provide light intensity, carbon
dioxide (CO2) concentration, door-opening information, and ambient temperature and
humidity. The available actuators include a heater, an air humidifier, side-wall fans
used for ventilation and cooling, and growth LED strips mounted in the upper part
of the chamber. This multi-sensor and multi-actuator structure motivates the use
of implicit tube MPC beyond the two-input two-output experiment considered here:
the present temperature—humidity controller is treated as a step toward a compact
advanced robust MPC regulator for a broader multi-input multi-output VESNA control
setup. The device is operated through ESP32-based microcontrollers and communicates
with the supervisory controller through the Arduino IoT Cloud, which allows measured
values to be downloaded and actuator commands to be uploaded during experimental
runs. The communication and closed-loop control workflow, depicted in Figure 4.5,

Thttps://vesna.uiam.sk/
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Figure 4.4: Laboratory smart greenhouse VESNA used for experimental validation —
sensors (green), actuators (blue). control unit (red).

is handled by the VESNA CODE toolbox?, a modular object-oriented framework
developed in the MATLAB programming environment for implementing advanced
optimization-based autonomous control on the VESNA platform [51]. The toolbox
manages the network communication between the Arduino IoT Cloud and MATLAB.
The collected process data are then used by the controller to compute optimal control
inputs for the greenhouse actuators.

The experimental analysis in this section is aimed at control of the internal conditions
of the smart greenhouse. The controlled variables are the internal temperature 7" and
relative humidity h. The associated manipulated variables are the electric supplies to
the heater and the humidifier, respectively, with the corresponding actuators located
in the lower part of the greenhouse, as depicted in Figure 4.4. Figure 4.6 depicts the
non-negligible coupling, as observable from the response of temperature and humidity
to a step change in the humidifier input from 0% to 25%. The measured profiles
indicate that the humidifier change affects both humidity and temperature, which
confirms that these variables are physically coupled and complicates the use of separate
control loops. Therefore, the aim of the experimental control-performance analysis is
to use implicit tube MPC to address simultaneous temperature reference tracking and
humidity disturbance rejection control problems under actuator constraints, interaction

2https://github.com/oravec-juraj/vesna/wiki/How-to-use-VESNA-CODE
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Figure 4.5: Communication and closed-loop control scheme connecting the VESNA
greenhouse, Arduino IoT Cloud, VESNA CODE, and the supervisory
controller.

between the controlled variables, and environmental disturbances.

4.4.1 Implicit Tube MPC Control Setup

The controller uses an offset-free prediction model in deviation variables, following
the VESNA offset-free MPC construction reported in [51] and extended here to the
tube MPC setting of [48]. The non-augmented model states describe the deviations
of the measured temperature and humidity from their operating values. The vector
Ty = [Trk a:h,k]T collects these physical process-state deviations, where zt  denotes
the temperature deviation and xy; denotes the humidity deviation. To remove
steady-state tracking offsets caused by plant—-model mismatch, measurement noise,
and slowly varying environmental disturbances, each controlled variable is augmented
with an integral state that accumulates the corresponding output error. The vector
& = [érk Enik]' collects the integral states associated with the temperature and
humidity errors. In deviation form, the reference is shifted to the origin, so the integral
states evolve as accumulated deviations of the controlled variables. The augmented
state Ty = [a:,;'— §,IF combines the physical and integral states. Since the controller
is designed in a robust tube MPC framework, the prediction model also includes an
additive disturbance term. The resulting augmented state-space model is

Ek+1 = Avik + Euk + Egk, (4.9&)
yr = CTy, (4.9b)
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Figure 4.6: Measured influence of a humidifier step on temperature and relative
humidity in VESNA.

where u, = [uT thg]T contains the heater and humidifier input deviations and
dj, denotes the additive disturbance. The matrices of the discrete-time augmented

state-space model, with sampling time T = 60s, are defined as

g:[_éc ﬂ é:[ﬂ, G=[c o], E-IL. (410

In this representation, the physical states predict the greenhouse response, while the
integral states store the accumulated tracking error and provide the offset-free behavior.
The non-augmented matrices are

A {0.7942 0 } ’ B_ [0.0261 0

0 0.7747 0 0.8148]’ =1l (4.11)

The offset-free implicit tube controller is constructed for the experimental constraints

Bﬂ <y < Eg} (4.12)

for the system states corresponding to the physical temperature within the interval

defined in deviation form as
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Table 4.3: Tuning of weight matrices for implicit tube MPC control on VESNA.

Setup Qxt @it Rr Qxn Qin Ru

A 1000 10000 15 1 1 15
B 1000 10000 15 1 10 15
C 1000 10000 15 1 100 15

19 — 39°C and humidity in the range 5 — 55%, and

—128 128
<aup < 4.1
] == ] (19
for control inputs. Constraints in (4.13) define the admissible ranges for the control
actions around the nominal operating point in the interval 0 — 100% for the power
of heater and 0 — 25% for humidifier, respectively. The constraints are defined

for the physical temperature and humidity states, while the integral states remain
unconstrained.

The additive disturbance constraints are dedetermined as

0.5 0.5
1 ~ 1

< < . .
01| S% S oq (4.14)

-1 1

The investigated controller tunings are summarized in Table 4.3. The penalty matrix
of the augmented model is defined as

[%‘ &] , (4.15)

where the partial matrix Q)x penalizes the physical states and @Q; penalizes the integral
states. The temperature-related weights are kept fixed across all setups, while the
humidity output weight @); is increased from setup A to setup C. This tuning
sequence is used to evaluate how humidity-control aggressiveness affects both the
humidity response and the coupled temperature dynamics. In the presented case study,
the prediction horizon N = 50 was considered across all control setups.

4.4.2 Control Performance Analysis of Implicit Tube MPC

The main objective of the case study is to ensure offset-free control of temperature to
the reference value of 30 °C, while the humidity is kept close to the steady-state value
of 25%. Control profiles of temperature reference tracking are depicted in Figure 4.7.
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Figure 4.7: Measured temperature reference-tracking responses obtained with implicit
tube MPC for different control setup A (dashed green), setup B (dotted
orange), setup C (solid purple).

The measured temperature trajectories confirm that the implicit tube MPC controller
reaches the required reference for all tested tunings. Since the temperature-related
weights are identical in all control setups, the small differences in the responses mainly
reflect the influence of the humidity-loop tuning and the temperature-humidity coupling
discussed above. The corresponding humidity responses are depicted in Figure 4.8.
The controller keeps humidity within the predefined steady-state neighborhood (1 %)
in all configurations, while the transient behavior illustrates the expected trade-off
between faster disturbance rejection and smoother actuator use.

The control performance is quantified by the settling time tset, the integral of squared
output error ISE, the integral of squared input ISI, the actuator energy use F, and
the associated COz emissions m(COz). The temperature-tracking criteria in Table 4.4
indicate that all three tunings reached the reference without reported constraint
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Figure 4.8: Measured humidity disturbance-rejection responses obtained with implicit
tube MPC for different control setups: setup A (dashed green), setup B
(dotted orange), setup C (solid purple).

violation and with negligible steady-state offset. Control setup A gives the best
tracking and the smoothest input trajectory, while control setup C achieves comparable
settling time with the lowest energy use and associated CO5 emissions. Setup B is
slightly slower and less favorable in the listed temperature criteria.

The humidity disturbance-rejection criteria in Table 4.5 indicate the analogous tuning
compromise. Control setup A achieves the smallest humidity offset error with moderate
actuator effort. Setup C reaches the humidity neighborhood fastest, but requires the
largest input action resulting in the highest humidifier energy use. Setup B is slowest,
but gives the smoothest input profile and the lowest energy use and associated CO9

emissions.

The VESNA experiments confirm the practical relevance of the implicit tube MPC
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Table 4.4: Control performance of implicit tube MPC in the VESNA temperature
reference-tracking task.

Setup  tget [min] ISEr  ISIy  Ev [kJ] m1(CO2) [g]

A 27 71.42 14000 102.10 7.54
B 29 84.31 17300 104.93 7.75
C 27 73.98 20200 101.87 7.53

Table 4.5: Control performance of implicit tube MPC in the VESNA humidity
disturbance-rejection task.

Setup  tset [min] ISE}, ISI, FEy [kJ] mu(CO2) [g]

A 13 199.12  98.39 8.31 0.61
B 18 617.23  18.11 8.06 0.60
C 10 546.97 123.51 8.68 0.64

formulation. The controller was implemented on a physical greenhouse operated
through a cloud communication layer, and the reported measurements include the
effects of sensor noise, actuator limitations, environmental disturbances, and plant—
model mismatch. At the same time, the implicit tube MPC.

4.5 Simulation Case Study of Industrial System

The previous sections discussed implicit tube MPC as a scalable robust control con-
struction. This section illustrates the same idea on an industrially motivated separation
process, where the uncertainty is not an abstract modeling term but a gradual physical
degradation of heat-transfer equipment. The case study considers a hybrid heat-
integrated distillation system (HHIDIiS), in which the heat integration is realized
through a plate-type heat and mass exchanger (HME). The control problem combines
robust constraint handling, offset-free tracking, computationally tractable implementa-
tion, and energy-aware operation.

The process scheme is depicted in Figure 4.9. The system separates a binary mixture
using two coupled distillation columns. The sections R1 and S2 form the heat-
integrated part of the system, while the S1 and R2 sections provide additional process
dynamics and stabilization. A detailed discussion of the HHIDiS dynamic model and
the associated industrial constraints is given in [34]. In the considered HHIDIS setup,
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Figure 4.9: Process scheme of the considered HHIDiS.

in contrast to a conventional heat-integrated distillation column (HIDiC), the pressure
difference between the integrated sections is produced by a pump and a valve. This
configuration is attractive from an implementation point of view because it reduces
equipment complexity, but it also creates a challenging control problem: the coupled
heat and mass exchange is affected by fouling, and the resulting parameter changes
modify the closed-loop dynamics over time.

The goal of the control case study is to design a robust controller that will provide
reliable control performance under uncertainty. The control case study considers two
controlled variables. The condenser pressure is regulated by the cooling-water mass flow
rate, while the reboiler temperature is regulated by the heating-water mass flow rate.
These variables define two control loops with a single input and a single output, but
the operating objective is broader than setpoint tracking alone. The designed controller
must also respect physical limits on the manipulated variables and maintain safety
margins for the pressure and temperature system states. Fouling is represented through
changes in the heat-transfer resistances of the condenser, reboiler, and integrated
exchanger. Four fouling levels are considered, ranging from clean operation to high
fouling according to Tubular Exchanger Manufacturers Association (TEMA )-based
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recommendations [67]. The values therefore reflect conventional heat-exchanger fouling-
resistance guidelines rather than additional identified plant parameters. The condenser
has a larger tube-side resistance under medium and high fouling, which makes the
pressure loop particularly sensitive to degraded heat transfer.

4.5.1 Implicit Tube MPC Control Setup

The designed robust controller is based on the offset-free implicit tube MPC formulation.
The offset-free part augments the prediction model with integral action to address
the problem that constant plant—model mismatch and persistent disturbances lead to
steady-state tracking errors [47]. The robust part treats the fouling-induced parameter
variation as bounded uncertainty. The implicit tube construction then keeps the robust
tube conditions inside the optimization problem without requiring explicit geometric
construction of the tube cross-section [56]. This is important for the complex HHIDiS
case study, where repeated set-based operations would make the controller design less
practical.

The offset-free tube MPC control structure is depicted in Figure 4.10. The measured
controlled variable is processed through the augmented prediction model, while the
tube MPC controller computes the admissible manipulated-variable update subject to
tightened constraints. This structure connects the integral offset-free mechanism with
the robust tube tightening used to handle fouling-induced uncertainty.

For each controlled loop, the identified first-order model is augmented by an integral
state. This gives a two-state offset-free prediction model of the form

Lqk+1 = Aqxq,k + Bquq7k + Eqdqq,kv qc {Ca R}7 (416)

where ¢ = C denotes the Condenser Pressure Control Loop and ¢ = R denotes the
Reboiler Temperature Control Loop. The models used in the HHIDIS study are

0.9598 0 —2.2579 1 0

Ac = [ 1 J ; Be = { 0 } ; Ec = L) J ; (4.17a)
0.9435 0 0.6053 1 0

PO T IR Y R R,

In (4.17), the first augmented system state corresponds to the controlled-variable
deviation, whereas the second system state accumulates the tracking error and provides
the offset-free property. The uncertain variables collect the effect of fouling and the
residual nonlinear mismatch. In the robust tube construction, the additive disturbance
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Figure 4.10: Control scheme of the offset-free tube MPC used for the HHIDIS case
study.

set is the image W, = E,;D,. Since E, = I, the reported componentwise disturbance-
input bounds also define W,. The numerical design values are

Ty =0.1s, Winax,c = 34, Wiaxr = 61073, (4.18)

where the uncertainty bounds are expressed in the deviation units of the corresponding
controlled variables.

The physical manipulated variables are imposed in deviation coordinates as
—vy < Ugk < 20, ve = 224.57kg/s, ovf = 111.9Tkg/s. (4.19)
The controlled-variable safety margins are

—5000 < ¢k < 5000, (4.20a)
—2<api <2 (4.20Db)

The integral system states are left formally unconstrained. The offset-free model (4.16)
is combined with the implicit tube tightening from Section 4.1. For each loop g, this
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gives the following optimization problem:

N-—-1

L min By nPotgn + Y (80 1 Qefq + g x Rylig.x) (4.21a)
GERLREDI k=0

st @gri1 = Aglgr + Byligr, (4.21b)

C;ljmk + d;lﬁq,k <1-— fqi (4.21¢)

(cqu +dg1Ks,q) Tq.n <1 = fou, (4.21d)

2q(t) — g0 = Ty, (4.21e)

we; €W, k=0,...,N—1, j=0,...,Ng,—1.  (4.21f)

Here 7, denotes the implicit tube defined in (4.1). The matrix @), penalizes the
controlled-variable and integral system states, while R, penalizes the manipulated-
variable movement. The term f,; is the implicit tube shrinking vector computed from
the uncertainty set W.

The prediction horizon used in the reported HHIDiS controller tuning is N = 200. Thus,
the controller retains the offset-free industrial tracking structure. At the same time,
the admissible nominal trajectories are tightened so that the actual fouling-affected
plant remains inside the robust tube.

The comparison baseline is formed by well-tuned PID controllers. The predictive
controller was constructed and simulated in a MATLAB-based setup. The designed
robust controller was constructed in MPT+, the optimization problem was parsed
through YALMIP [32] and solved using MOSEK. The closed-loop simulations were
then generated in MATLAB/Simulink R2023b on an i5 1.7 GHz CPU with 16 GB
RAM.

The main tuning parameters are the quadratic weights on the augmented system
states and control inputs. As in conventional MPC, increasing the penalty on control
inputs produces smoother control actions, while increasing the penalty on system states
gives a faster and more aggressive response. This tuning freedom is used to compare
conservative and aggressive robust MPC settings. Among the eight analyzed tube
MPC configurations, the dissertation discussion focuses on setup A and setup H, listed
in Table 4.6. Setup A represents a conservative tuning that favors damped responses
and small actuator movement, whereas setup H is more aggressive and targets faster
error reduction.

Two operating scenarios are considered. In the first scenario, the condenser pressure
performs a reference step, while the reboiler temperature is evaluated as a disturbance-
rejection loop. In the second scenario, the roles are reversed: the condenser pressure
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Table 4.6: Selected tube MPC tuning setups used for the HHIDiS performance
comparison.

Setup Qo1 Qo2 Rc Qri Qra2-10° Ry

A (0] 0.3 1 5 0.1 0.5
H (0] 0.5 1 5 2.0 0.5

is evaluated under disturbance rejection and the reboiler temperature performs the
reference-tracking task. The closed-loop quality is evaluated using the root mean
square error (RMSE) of the tracking error. For reference-tracking responses, the
maximum overshoot is also evaluated because it directly reflects the trade-off between
fast response and conservative operation.

4.5.2 Control Performance Analysis of Implicit Tube MPC

Figures 4.11-4.14 present the representative closed-loop responses. The robust MPC
trajectories demonstrate the expected tuning trade-off. A conservative setup gives
slower but well-damped responses and can remove overshoot in the temperature
tracking task across the considered fouling levels. A more aggressive setup reduces the
RMSE and improves the speed of response, but it may introduce visible oscillations
when the fouling level is high. The PID controllers provide acceptable nominal behavior,
but their performance degrades when the heat-transfer characteristics move away from
the tuning condition.

The numerical RMSE values are given in Tables 4.7 and 4.8. In scenario I, setup
A improves the condenser pressure reference tracking for all fouling levels, while its
reboiler disturbance-rejection response is intentionally conservative. Setup H gives the
largest improvement for the low-fouling case, reducing the pressure-loop RMSE from
355.6 to 229.6, i.e. by approximately 35.4 % relative to the PID baseline. In scenario
II, both tube MPC setups reduce the pressure-loop disturbance-rejection error for
all fouling levels. Setup H also improves the reboiler temperature reference-tracking
RMSE, reducing the error by 11-20 % across the four fouling cases.

The overshoot values in Table 4.9 indicate the other side of the same tuning decision.
The conservative tube MPC setup A eliminates overshoot in the reboiler temperature
reference-tracking task for all fouling levels. Setup H remains substantially less
oscillatory than the PID controller in this metric, but overshoot increases again under
medium and high fouling. The conservative tuning is therefore particularly relevant
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Figure 4.11: Condenser-pressure response for the condenser-pressure step scenario.

Table 4.7: RMSE values for HHIDiS control scenario I: condenser pressure reference
tracking and reboiler temperature disturbance rejection.

Reboiler temperature RMSE
(x107®)

Fouling PID Setup A Setup H PID Setup A Setup H

Condenser pressure RMSE

Rso 328.7 257.5 262.5 5.8 105 7.5
Rja 355.6 236.5 2296 5.9 5.8 4.7
Ry 304.1 238.7 243.6 4.9 5.4 4.5

Ry3 406.0 308.9 373.3 7.1 6.0 5.3
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Figure 4.12: Reboiler-temperature response during the condenser-pressure step sce-
nario.

Table 4.8: RMSE values for HHIDiS control scenario II: condenser pressure distur-
bance rejection and reboiler temperature reference tracking.

Condenser pressure RMSE Reboiler temperature RMSE

(x107%)
Fouling PID Setup A Setup H PID Setup A Setup H
Ryo 525.8 381.0 4114  36.0 46.5 32.0
Rya 431.5 315.2 3249 36.0 41.5 29.3
Ry 402.9 275.7 280.4 34.9 39.6 28.1

Ry3 374.4 261.3 266.8 35.7 39.1 29.8
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Figure 4.13: Condenser-pressure response during the reboiler-temperature step sce-
nario.

for industrial operation because it favors smooth trajectories and avoids overshoot,
which is often preferable when safety margins and product quality are more important
than the shortest settling time.

The case study also evaluates the operational consequences of control tuning. The
heating-water demand in the reboiler is translated into fuel-oil consumption and the
associated COy emissions. The results in Figures 4.15 and 4.16 indicate that robust
MPC can reduce the energy demand and fuel cost when the tuning is selected with this
objective in mind. In particular, conservative settings can decrease the heating-medium
consumption for lower fouling levels and remain competitive with PID control under
stronger fouling. In the reboiler step-change scenario, the conservative robust MPC
settings are especially beneficial because they directly penalize unnecessary changes in
the heating medium.
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Figure 4.14: Reboiler-temperature response for the reboiler-temperature step sce-

nario.

Table 4.9: Maximum overshoot in the reboiler temperature reference-tracking task

of control scenario II.

Fouling PID [%] Setup A [%] Setup H [%]
Ry 1.90 0 1.02
Ry 471 0 0.28
Ry 8.25 0 3.14

0 5.33

Rys 11.81
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Figure 4.15: Comparison of CO5 emissions associated with heating-medium con-

sumption.

The same weighting matrices that tune closed-loop performance also provide a prac-
tical mechanism for shaping energy use. Increasing the penalty on control inputs
discourages aggressive manipulated-variable movement, which can reduce heating-water
consumption and therefore reduce both operating cost and COy emissions. The robust
offset-free implicit tube MPC formulation therefore contributes to safe operation in
two senses: it preserves constraint-aware operation under fouling-induced uncertainty,
and it enables control tuning that supports more economical and environmentally

favorable operation.
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Figure 4.16: Comparison of fuel-oil costs associated with heating-medium consump-

tion.

4.6 Discussion

This chapter has presented and applied the implicit tube MPC formulation as a software-
supported workflow for scalable robust control. Compared to the set-based implementa-
tion in Chapter 3, the implicit formulation avoids explicit invariant-set construction and
represents the tube through auxiliary variables and support-function-based constraints.
The MPT+ implementation and the reactor-separator benchmark demonstrate that
this construction can be applied to higher-dimensional process models where repeated

explicit set operations would be impractical.

The extensive laboratory case study of smart greenhouse control complements the nu-
merical scalability analysis by presenting the robust control of a real laboratory process.
The greenhouse experiments include cloud-based communication, actuator limitations,
environmental disturbances, sensor noise, and the coupling between temperature and
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humidity. The temperature reference-tracking and humidity disturbance-rejection
results indicate the expected tuning trade-offs: more aggressive settings can reduce set-
tling time, while smoother settings reduce input movement, energy use, and associated
COg4 emissions. This confirms that implicit tube MPC is not only a computational
reformulation, but also a practical controller design approach for repeated experimental
tuning on physical systems.

The other relevant contribution of the chapter is the offset-free implicit tube MPC
case study for the HHIDIS. This application extends the implicit formulation to an
energy-intensive industrial system affected by fouling and plant—model mismatch. In
the reported scenarios, the selected tube MPC tunings reduced pressure-loop RMSE
relative to the PID baseline, with the largest listed reduction approximately 35 %.
Setup H also reduced the reboiler-temperature tracking RMSE in scenario IT by 11-
20 %. Conservative tuning eliminated overshoot in the reboiler-temperature tracking
task, whereas more aggressive tuning reduced selected error measures at the cost
of increased oscillations. The industrial case study also indicates that robust offset-
free control can be evaluated beyond tracking metrics. The selected robust MPC
settings lowered the reported heating-medium use, fuel cost, and associated CO9
emissions in the considered energy comparison. The chapter therefore connects the
scalability motivation of implicit tube MPC with experimental validation and with the
energy-aware industrial application that forms its main contribution.
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CHAPTER 5

Tunable Implicit Tube MPC for
Large-Scale Systems

This chapter introduces a novel framework for real-time tunable implicit tube model
predictive control, building upon the research published in [52]. While traditional robust
MPC formulations often rely on fized tuning parameters, the methodology presented
here enables dynamic adjustment of penalty factors to optimize closed-loop performance
in response to changing operating conditions or control objectives.

The primary contribution of this chapter is the development of a numerically tractable
implicit tube MPC design that enables the effective adoption of time-varying penalty
factors Q and R. In the context of tube-based MPC, modifying these factors has a direct
impact on the controller structure. Specifically, any change in the penalty matrices
may necessitate a recomputation of the linear quadratic requlator (LQR)-based feedback
gain Ks, which in turn influences the geometry of the robust invariant set. Technically,
the proposed approach ensures that the implicit tube, which serves as an approximation
of the minimum robust positive invariant set, is updated consistently with the linear
controller gain. The construction of this tube is governed by the number of iterations
Ns and its volume is determined by the scaling factor a. By systematically accounting
for 0, ]:Z, and Kg in real time, the controller maintains constraint satisfaction and
robustness even as the control law and the underlying tube are modified. This flexibility
allows for a more agile response to performance requirements without sacrificing the
safety gquarantees inherent in the tube-based MPC' framework.
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5.1 Tunable Implicit Tube MPC Design

The main bottleneck of conventional tube MPC design is that changing the penalty
matrices @@ and R changes the stabilizing feedback gain Kg, the terminal ingredients,
and the tube-design quantities Ng, a, and f. A direct implementation would therefore
require recomputing the tube parameters through (2.17), (2.18), and (4.2) whenever
the tuning parameter changes. The aim is therefore to transform the MPC optimization
problem in (4.4) into a form that enables real-time tuning of the penalty factors @,
R. The formulation below removes this online redesign step by fixing conservative
tube-design parameters over the full admissible tuning range and by relaxing the
first-step constraints without sacrificing the recursive-feasibility argument inherited
from Assumption 2.3.

For known bounds on the time-varying penalty factors @ and R, a given pair of penalty
factors determines the corresponding terminal penalty matrix P and the stabilizing
feedback gain Kg in the MPC optimization problem and in the control law (2.19).
Online construction of the implicit tube representation 7" would then require evaluating
the corresponding values of Ng and « by solving the auxiliary problems (2.17), (2.18).
The tunable implicit tube MPC design developed in this section keeps fixed values of
the parameters Ng, «, and f over the admissible tuning range, which removes the need
to solve the auxiliary tube-design problems at each tuning instant and enables real-time
adaptation of the penalty factors while preserving the robust MPC guarantees. In
addition, the first-step constraints are restated to reduce conservatism and, where
possible, reduce the closed-loop cost.

5.1.1 Relaxed First-Step Constraints

The first modification concerns the constraints on system states and control inputs at
k =0, i.e., at the initial step of the prediction horizon.

Lemma 5.1 (Relaxed constraints on system states and control inputs). Let As-
sumption 2.3 hold. Given the tube MPC optimization problem in (2.15), relaxing the
constraints on system states and control inputs in (2.15d), (2.15¢) for k = 0 into the
form

2o € X, (5.1a)
u(t) = fig + Ks(a(t) — &) € U, (5.1b)

preserves the closed-loop system stability and recursive feasibility of the tube MPC
optimization problem in (2.15).
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Proof 5.1. The proof verifies that replacing the tightened constraints at stage k =0
by the relazed constraints in (5.1) preserves feasibility, constraint satisfaction, and
closed-loop stability. If the relaxed system state constraint (5.1a) and the initial tube
condition (2.15f) are feasible at the initial time instant t, then, by the tube MPC
construction, x(t) = &g + e(t) with e(t) € T holds. Since the tube cross-section T is an
admissible set and the relaxed control input constraint (5.1b) explicitly enforces

u(t) = 4o + KS(I'(t) — j?()) el

to hold, therefore, the constraints on system states and control inputs in (2.12) are
satisfied at time t. For all prediction steps k > 0, the original tube MPC' constraints
(2.15d)—~(2.15¢) remain the same, and constraint satisfaction follows from the conven-
tional tube MPC argument. Consequently, the terminal constraint (2.15e) guarantees
the existence of a feasible shifted solution, implying recursive feasibility. Since the
terminal cost (2.15a) and terminal constraint (2.15e) are the same, under Assump-
tion 2.3, the tube MPC' Lyapunov argument applies. Consequently, the closed-loop
stability properties induced by the terminal ingredients are preserved.

The proof of Lemma 5.1 follows the concept of free initial conditions [7], its later
extension [74], and a recent parameterized formulation [71]. Consequently, Lemma 5.1
can be interpreted as a generalized result within the implicit rigid tube MPC frame-
work [56], adapted to fixed tube-design parameters, support-function-based constraint
tightening, and the real-time tunable control policy considered in this chapter.

Remark 5.2. Introducing the relaxed constraints on system states and control inputs
in (5.1) can extend the feasibility set of the tube MPC optimization problems in (2.15),
(4.4). Under a relaxed constraint, a point may be feasible for the relaxed constraint
while being infeasible for the original constraint. Moreover, this approach can reduce the
cost function value. Consequently, relaxed constraints can lead to improved closed-loop
control performance compared with the original solutions of (2.15), (4.4) evaluated
subject to (2.15d), (2.15¢).

Remark 5.3 (Reachability interpretation). The effect of relaxing the tightened con-
straint on the system state at the initial prediction step can be interpreted in terms
of backward reachability to the terminal set. For a fized prediction horizon N, the
feasibility region of the MPC problem corresponds to the set of system states that
can be steered to the terminal set Xy in N steps under the tightened constraints on
system states and control inputs, and therefore explicitly depends on N. While the
conventional tube MPC' formulation enforces 1o € X & T, the relaxation used here
modifies only the constraint at k = 0 to &g € X, leaving all constraints for k > 1,
including the terminal constraint, unchanged. Consequently, the enlarged feasibility
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region can be characterized as the set of system states that can be driven in one step
into the (N —1)-step feasible set associated with the conventional formulation. Although
this relazation may lead to different nominal predictions and closed-loop trajectories,
recursive feasibility is preserved, since the tightened constraints for all future prediction
steps and the terminal condition remain identical to those of the conventional tube
MPC design, and the usual shifting argument applies.

5.1.2 Criterion for Real-Time Penalty Tuning

Tuning is introduced through a convex combination of the boundary values of the
penalty factors @ and R in (4.4) [43]:

Q=01-¢)Qr+¢Qu, 0<¢<1, (5.2a)
R=(1—p)RL+pRu, 0<p<l, (5.2b)

where the subscripts r,, g denote the low and high limits on the penalty matrices,
respectively. This tuning strategy considers diagonal penalty matrices, such that
AiL < Aju, Vi =1,...,r, where A denotes the vector of eigenvalues of the penalty
matrix and r is the rank of the tuned penalty matrix, see [43]. The scalar p € [0, 1] is
referred to as the scaling parameter governing the interpolation of the control input
weighting matrix.

Assumption 5.1 (Single-parameter affine tuning). The real-time tuning of the MPC
objective (4.4a) is restricted to a single tuning parameter. At any given time instant,
either the penalty on system states Q or the penalty on control inputs R is tuned via
an affine (convex) combination of two predefined matrices, while the other weighting
matriz is kept fived. Specifically,

Q=(1-¢)Qr+¢Qu, ¢€[0,1, R=Ry=Rg,

or
R=(1—-p)RL+pRu, pel0,1], Q=QL=Qu.

Thus, tuning is governed by a single scalar parameter, while the other penalty matriz
remains fized.

Assumption 5.1 ensures a unique and interpretable influence of tuning on the closed-
loop behavior, avoids ambiguity caused by simultaneous variation of () and R, and,
consequently, simplifies real-time implementation by limiting tuning to a single scalar
parameter.
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Remark 5.4 (Tuning based on the penalty on control inputs). The formulation in
this chapter focuses on tuning the penalty on control inputs, R, according to (5.2b).
This is a practical design choice adopted for clarity and implementation simplicity
under Assumption 5.1. A similar extension may be possible for tuning on according
to (5.2a), but the present formulation does not claim full generality with respect to
simultaneous or unrestricted tuning of both weighting matrices.

Designing implicit tube MPC in (4.4) requires solving the auxiliary optimization
problems in (4.2), (2.17) to evaluate o*, Ng, and f*. When the scaling factor p is
tuned, the associated penalty factors @), R are changed. To avoid solving the auxiliary
optimization problems in (4.2) and (2.17) whenever the scaling factor p is tuned,
conservative values of the parameters NS, &, and f are selected offline according
to (5.3). In practice, a generally valid procedure for selecting the parameters Ns, &,
and f is to grid the considered tuning interval for p € [0, 1] offline, evaluate these
parameters over the tuning range, and take their maxima. However, in many practical
cases, the extrema are observed at the boundary tunings, and this intensive gridding
is not required, i.e., it is sufficient to select

& = max(ol,1, Qtol,H), (5.3a)
NS = maX(Ns)L, N&H), (53b)
fi=max(fir, fin), 1=1,2,...,Ng, (5.3¢)

where the parameters denoted with subscripts 1,, g correspond to the evaluation of
the low and high limits of the penalty factors in (5.2), respectively. The original
constraints in (4.3) are reformulated for & = 0 into the relaxed but still feasible form
n (5.1). As a consequence, the conservativeness of the parameters in (5.3) affects the
predictions for k£ > 1. Meanwhile, the control performance for k£ = 0 is not affected,
and the corresponding value of u(t) applied to the system (2.10) is close to the original
value from (4.4).
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Given a pair of penalty factors Q and }A%, and the corresponding matrices P and Kg
determined by solving the Riccati equation, the tunable implicit rigid tube MPC
problem has the following form:

 min 2% Pin + (ﬁgéﬁk+-a;Rak) (5.4a)
Zo, Ug, wo, - - - h—0
UN-1, EN, W4
St. g1 = Ady + By, (5.4b)
o &0+ d (g + KsT) <1, (5.4c)
e +d iy <1—f, k=1,2...,N—1, (5.4d)
@7+@U§)@V§1—ﬁ, (5.4e)
z(t) — 2o =T, (5.4f)
e; wj <1, (5.4g)
i € Ty, (5.4h)
j=0,1,...,Ng — 1, (5.4i)
k=01,...,N—1, (5.43)
I=1,...,Nc. (5.4k)
where the implicit tube realization 7 has a form analogous to (4.1):
Ng—1 .
T-(-a)"Y Q$+Bﬁgyug. (5.5)
§=0

Remark 5.5 (Fixed terminal ingredients). To avoid the need to re-verify the prediction
horizon length N and to redesign the terminal penalty and terminal set whenever the
penalty factors are tuned, the terminal ingredients can be fized a priori. In particular,
the terminal cost matriz P is chosen offline together with an associated terminal
feedback gain Ky such that the pair (P,Kz) satisfies the conventional stabilizing
terminal conditions for tube MPC, i.e., Kz provides nominal closed-loop stability and
the corresponding terminal set is positively invariant and constraint admissible. Under
these conditions, the terminal constraint (5.4e) has the fized form

(¢f +d/ Kz)in <1- f, (5.6)

independently of the tuned penalty factors. Consequently, real-time tuning of the MPC
weights does not affect the validity of the terminal constraint, nor the associated stability
and recursive feasibility guarantees. Formal proofs of admissibility and closed-loop
stability for fized terminal ingredients in the implicit tube MPC setting are in [56].
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Remark 5.6 (Non-relaxed constraints). The implicit tube realization T in (4.1) is an
auxiliary vector variable that represents the error membership constraint. The tunable
implicit tube MPC optimization problem can also be designed subject to the original
non-relaxed constraints on system states and control inputs (2.15¢), (2.15d) in their
implicit form. Then, the constraints in (5.4c), (5.4d) are replaced with

o e +dl a, <1— fi. (5.7)

Theorem 5.7. Consider the uncertain LTI system (2.10) subject to constraints (2.12)
and disturbance set (2.11). Suppose that Assumptions 2.8 and 5.1 hold. Let the
penalty matrices be tuned in the admissible range (5.2). For each p € [0,1], let the
corresponding stabilizing feedback gain Ks(p), terminal penalty P(p), and terminal set
Xx(p) satisfy Assumption 2.3. Assume that the fized tube-design parameters (&, Ng, f)
used in (5.4) satisfy

a>a*(p), Ns=Ni(p), f=f(p), 1=1,...,Ne, (5.8)

for the full admissible tuning range p € [0,1]. Then, the tunable implicit tube MPC
problem (5.4) is recursively feasible and the resulting receding-horizon closed loop is
robustly stable.

Proof 5.2. The MPC problem in (5.4) is a relazation of the implicit rigid tube MPC
problem in (4.4), and therefore inherits its properties. For fized parameters (OQ,NS7 f),
the two optimization problems differ only in the treatment of the initial-step constraint:
according to Lemma 5.1, the problem (5.4) replaces the original tightened constraint at
k=0 by (5.4c). All remaining constraints coincide. Therefore, it is sufficient to prove
that this constraint does not violate the recursive feasibility and closed-loop system
stability conditions. First, as the constraint in (5.4¢) is equivalent to (5.1), it directly
follows from Lemma 5.1 that (5.4c) satisfies the recursive feasibility condition. Next,
closed-loop stability follows from recursive feasibility in the presence of the terminal
cost (5.4a) and terminal constraint (5.4e) satisfying Assumption 2.3. Consequently,
closed-loop stability is preserved. The remainder of the proof is the same as the proof
of Theorem 2 in [56].

Choosing fixed values of Ng > Ng (p) preserves feasibility of the implicit tube realization
7 in (5.5) for all p € [0,1]. On the other hand, implementing & > o*(p) in (5.8) may
lead to a more conservative implicit tube realization 7 and to conservative values of
fl > fi(p),l=1,..., Nc. Consequently, the control performance may be suboptimal
compared to (4.4) evaluated with the corresponding optimal values a*(p) and f}(p).
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5.2 Numerical Example

The numerical case study investigates the closed-loop performance of the tunable
implicit tube MPC optimization problem in (5.4). The original non-tunable implicit
tube MPC design [56] is used as the performance reference. The reference MPC
optimization problem in (4.4) needs to be redesigned entirely whenever the penalty
factors are tuned. The results presented in this section were generated using an
Intel(R) Core(TM) i5-1240P CPU 1.70 GHz, 16 GB RAM, MATLAB R2023b, YALMIP
R20230622, MPT v3.2.1, MOSEK v10.0, Gurobi v11.01.

5.2.1 Control Setup and Offline Tube Design

To provide a fair comparison, the same large-scale reactor-separator benchmark as in
Section 4.3 is considered. Further details on the process model, constraints, disturbance
bounds, and initial conditions are given in Table 4.2 and equations (4.5)—(4.8). This
case study therefore only introduces the tunable penalty design. The penalty on system
states is kept the same as in the setup in Section 4.3,

Qi1 0 0
Q = 0 QQ 0 )
0 0 Qs

where Q; = diag(3200,1,1,1) - 10® for 4 = 1,2,3. The penalty on control inputs is
tuned between Ry, = 1-10"* -7 and Ry = 10 - I according to the single-parameter
tuning law in (5.2).

The tunable tube MPC design criteria in (5.4) were precomputed offline and fixed
for all values of p € [0,1] according to (5.8): Ng = 29, & = 24.4657 - 104, In
contrast, the parameters for the non-tunable tube MPC optimization problems in (4.4)
must be redesigned for each setting of p. The optimized values of N and o* are
summarized in Table 5.1. Using fixed values of Ns, &, and f in the construction
of the tightened constraints yields a feasibility domain that is independent of the
scaling parameter p. Tuning therefore affects only the closed-loop behavior through the
(Q, R)-dependent gain Kg, while the admissible set of initial conditions is preserved.
A non-tunable redesign may reduce conservativeness for a particular tuning, but
requires computationally expensive recomputation of the tube-related parameters.

The calculation of N§ and o* takes, on average, 1.7s, while the recalculation of
f* requires an additional 0.95s. For this benchmark, the non-tunable implicit MPC
could still be redesigned when the penalty matrices are changed. For systems with
faster dynamics, however, this recomputation may exceed the available sampling
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Table 5.1: Tube-design parameters for different tuning values.

Tuning N o* 1077

p=0 13 24.4657
p=025 21 3.2873
p=050 23 1.9005
p=075 26 2.3704
p=1 29 2.1442

period and prevent real-time implementation. The tunable formulation removes this
online burden by computing the tube parameters offline once and keeping them fixed
throughout the control process.

Trajectories of the optimal values of o* and Ng for different settings of p, along with the
corresponding values considered by the tunable tube MPC, & and Ns, are depicted in
Figure 5.1. The presented profiles demonstrate the need to redesign the optimal values
of these parameters whenever different tuning is considered for the non-tunable tube
MPC in (2.15). The tunable MPC, on the other hand, considers conservative values
defined in (5.8), providing safe control without the need to redesign the parameters
when the tuning parameters change. As reported later in Table 5.2, the price paid for
this conservatism is negligible in terms of the closed-loop performance loss.

5.2.2 Closed-Loop Performance

As already observed in Section 4.3, the set-based tube MPC design is numerically
intractable for this benchmark. The comparison in this chapter therefore focuses on
the real-time tunable implicit tube MPC in (5.4) and the original non-tunable implicit
tube MPC [56] in (4.4).

The closed-loop simulations use the same initial condition as the implicit tube MPC
case study in (4.8). This keeps the comparison focused on the tunable formulation
rather than on a different operating scenario. The obtained control trajectories for
the non-tunable (solid lines) and tunable (dashed lines) tube MPC formulations are
depicted in Figures 5.2 and 5.3, respectively. The figures compare the performance of
the tunable implicit tube MPC (5.4) and the non-tunable implicit tube MPC (4.4) for
the limiting values of the tuning parameter p, i.e., p = 0 and p = 1. The trajectories
exhibit only minor differences between the non-tunable (4.4) and tunable implicit tube
MPC (5.4) approaches. The same observation is supported by Figures 5.4 and 5.5,
which present the results for the intermediate tuning value p = 0.5.
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x1073

Figure 5.1: Evaluation of the parameters « (upper figure) and Ng (lower figure)
for different settings of the scaling factor p: values associated with
Ry, (dashed yellow), values associated with Ry (dashed red), optimal
values o and Vg evaluated for the non-tunable tube MPC optimization
problem (blue circles), and values & and Ng considered by the tunable
tube MPC (green squares) according to (5.8).
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Figure 5.2: Closed-loop control trajectories of CVs: non-tunable tube MPC for
scaling factor p = 0 (solid blue), tunable tube MPC for p = 0 and relaxed
constraints (dashed yellow), non-tunable tube MPC for p = 1 (solid
purple), tunable tube MPC for p = 1 and relaxed constraints (dashed
green), steady-state values (dotted red).
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Figure 5.3: Closed-loop control trajectories of MVs: non-tunable tube MPC for
scaling factor p = 0 (solid blue), tunable tube MPC for p = 0 and relaxed
constraints (dashed yellow), non-tunable tube MPC for p = 1 (solid
purple), tunable tube MPC for p = 1 and relaxed constraints (dashed

green), constraints on control inputs (dotted black).
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Figure 5.4: Closed-loop control trajectories of CVs for scaling factor p = 0.5: non-

tunable tube MPC (solid blue), tunable tube MPC with relaxed con-
straints (dashed yellow), and steady-state values (dotted red).
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Figure 5.5: Closed-loop control trajectories of MVs for p = 0.5: non-tunable tube
MPC (solid blue), tunable tube MPC with relaxed constraints (dashed
yellow) and constraints on control inputs (dotted black).
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Table 5.2: Performance analysis for the large-scale benchmark.

Tuning  N§ a*-107*%  J*-10° J%-10°  Jua-10°  AJ[%]

p=0 13 24.4657 0.4762 0.4756 0.4756  0.1239
p=025 21 3.2873 7.4214 7.3506 7.3506  0.9536
p=0.50 23 1.9005 14.3635 14.1645 14.1645  1.3851
p=0.75 26 2.3704 21.3389  20.9725  20.9725 1.7170
p=1 29 2.1442  28.3491 27.7784  27.7784  2.0132

The numerical results of the closed-loop simulations are summarized in Table 5.2, where
J* denotes the closed-loop cost achieved by the non-tunable tube MPC optimization
problem in (4.4) [56], J7, denotes the closed-loop cost obtained by the non-tunable

tube MPC with relaxed constraints (5.1), and jml denotes the closed-loop cost obtained
by the tunable tube MPC optimization problem in (5.4) with relaxed constraints (5.1).

The fixed-parameter tunable design primarily trades optimality for computational
simplicity. As reported in Table 5.2, the resulting performance loss AJ remains
below 2.01 % for all tuning setups, while completely eliminating the need for online
recomputation of the tube parameters.

5.3 Discussion

This chapter has presented real-time tunable implicit tube MPC for constrained
systems. The formulation allows the input-penalty matrix R to be adjusted through
a scalar tuning parameter without repeating the complete tube MPC redesign. The
controller preserves the robust stability and recursive feasibility properties of implicit
tube MPC while making the closed-loop behavior adjustable after the offline design
stage.

The main contribution is the use of appropriate fixed tube-design parameters Ns, &,
and f over the admissible tuning range. This removes the need to recompute the
tube-related quantities Vg, o*, and f* whenever the penalty factor is changed. The
relaxed first-step constraints further simplify the real-time formulation by avoiding the
direct inclusion of the tube cross-section in the initial state constraint, while preserving
feasibility, constraint satisfaction, and closed-loop stability.

The reactor-separator benchmark, based on the results published in [52], indicates that
the tunable controller gives closed-loop trajectories close to those of the non-tunable
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implicit tube MPC reference for the tested tuning values. Across the tested tuning
values, the performance loss remained below ~ 2 %, while the repeated redesign of tube
parameters was removed from the online tuning loop. The method is therefore aimed
at operation in which the desired trade-off between fast response and conservative
input use changes during runtime while robust constraint handling must be retained.



CHAPTER 6

Conclusions

This thesis addresses the design of safe and tunable MPC for constrained systems
affected by bounded disturbances, plant-model mismatch, online tuning requirements,
and embedded implementation limits. Throughout the thesis, safety was understood
in terms of constraint satisfaction, recursive feasibility, and robust closed-loop stability.
Tunability was considered as the possibility of modifying closed-loop performance
after the initial MPC controller construction, but without repeating the complete
synthesis procedure. Three main groups of methods were discussed: set-based tube
MPC, implicit tube MPC, and tunable implicit tube MPC.

A central part of the thesis focused on tube MPC. The set-based and elastic tube
MPC formulations in Chapter 3 were implemented and validated on systems of
different complexity. The rigid tube MPC experiment on the laboratory heat exchanger
quantified how robust constraint margins affect the closed-loop response and hot-
medium consumption. The results demonstrated that tracking performance, actuator
use, and energy demand are closely coupled tuning decisions.

The elastic tube formulation was used in Chapter 3 to reduce the conservatism of a
fixed tube cross-section by allowing the tube geometry to vary along the prediction
horizon. This advantage was verified on the embedded heat-exchanger platform, where
the designed MPC controller recovered from an actuation interruption without redesign
or retuning.

Chapter 4 analyzed the scalability advantage of avoiding a set-based tube construction
in implicit tube MPC. This was validated in the reactor-separator benchmark, where
the implicit tube formulation was successfully implemented and validated, while the
corresponding set-based tube design was not tractable due to the high dimensionality of
the system. Experimental validation on the Versatile Simulator for Near-zero Emissions
Agriculture (VESNA) smart greenhouse further confirmed that the designed tube MPC
controller can handle various real-world challenges, including sensor noise, actuator
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limits, cloud communication, and coupled temperature-humidity dynamics. These
results support the application of the designed implicit tube MPC formulations to
complex systems.

The validation in Chapter 4 was also extended to cases with industrially oriented
implementation and modeling requirements. In the HHIDiS case study, the offset-
free implicit tube MPC formulation compensated for plant—-model mismatch caused
by changing fouling conditions. The selected implicit tube MPC tuning reduced the
condenser-pressure tracking RMSE by approximately 35.4 % relative to the PID baseline
in the considered control scenarios. In the reboiler-temperature tracking task, the
conservative robust tuning eliminated overshoot for all considered fouling levels. These
results demonstrated that robust controller tuning can be determined according to the
operating priority: reducing settling time, smoothing control trajectories, increasing
safety margins, or lowering heating-medium consumption. The same tuning approach
also reduced the fuel cost and the associated COo emissions, which confirms that the
offset-free implicit tube MPC formulation can support both constraint-aware operation
under fouling and more energy-conscious operation.

The software implementation presented in Chapters 3 and 4 is another relevant outcome
of these robust MPC case studies. Rigid, elastic, and implicit tube MPC frameworks
were integrated into the open-source MPT+ software toolbox, including controller
construction, closed-loop simulation, visualization, and implementation. This reduces
the manual work needed when moving from the theoretical tube MPC controller
construction to a compact controller that can be evaluated in simulation or deployed
experimentally. The MPT+ implementation therefore not only makes tube MPC
design methods easier to use, but also provides a repeatable way to construct and
analyze the controllers implemented in the simulation and experimental studies.

Chapter 5 presented a tunable implicit tube MPC formulation. The aim was to allow
online adjustment of the penalty factors in the objective function without recomputing
the tube-design parameters at every tuning instant. Fixed tube-design parameters
were introduced to preserve recursive feasibility and robust stability over the admissible
tuning interval. The relaxed first-step constraints were used to reduce the conservatism
of the initial prediction step, extend the feasible set where possible, and improve
the closed-loop cost without changing the constraints imposed on the remaining
prediction steps. On the reactor-separator benchmark, the resulting performance loss
remained negligible over the tested tuning range compared with the corresponding
non-tunable implicit tube MPC designs, while repeated recomputation of Ng, a, and
the constraint-tightening vector was avoided.



87

The results of this thesis demonstrate that robust and tunable MPC can be integrated
into a compact design framework that preserves the relevant theoretical guarantees
when the tuning mechanism is considered during tube MPC controller design. The
resulting MPC controllers were evaluated not only in numerical simulations, but also
through software implementation, laboratory experiments, and industrially motivated
benchmarks. The tube-based methods provide the safety margins needed to handle
disturbances and plant—model mismatch, while the tuning mechanisms modify perfor-
mance within ranges for which the controller remains feasible, stable, and executable
on the target platform.
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Main Contributions

The main contributions of this thesis include the development, implementation, and
validation of safe and tunable MPC methods for embedded and implementation-
oriented control problems. The specific contributions are summarized below, together
with the corresponding publications in which the results were presented after peer
review.

e Safe tube MPC for uncertain systems: implementation, analysis, and
validation. The tube-based robust MPC strategies considered in Chapters 3—4
were systematically implemented, analyzed, and validated for constrained systems
affected by bounded disturbances and plant-model mismatch. The validation
covered the design and implementation of (i) rigid tube MPC on a laboratory
heat exchanger, (ii) elastic tube MPC with embedded experimental validation,
(iii) implicit tube MPC on a large-scale reactor-separator numerical benchmark
and laboratory implementation on the smart greenhouse VESNA, and (iv) offset-
free implicit tube MPC for the industrially oriented HHIDiS numerical case
study. These results demonstrated that safe tube-based MPC can provide robust
constraint satisfaction mechanisms in laboratory, embedded, large-scale, and
industrially motivated settings. The corresponding results were published in:

— E. Pavlovicova — J. Oravec — M. Trafczynski — M. Markowski — S. Al-
abrudzinski — P. Kisielewski — K. Urbaniec: Energy and Carbon Footprint
Reduction for Hybrid Heat-Integrated Distillation Systems: Robust Model
Predictive Control Approach. Energy, vol. 334, 2025.

(WoS: D1/Q1, IF: 9.4, citations: 2)

— J. Holaza — E. PIsic¢ik Pavlovicova — S. Serhiienko — J. Oravec: End-to-End
Elastic Tube MPC: Design, Analysis, and Embedded Implementation. In
IFAC World Congress 2026, Busan, South Korea (corresponding author,
accepted).

— E. Pavlovicova — B. Daras — P. Bakara¢ — M. Fikar — J. Oravec: From
Theory to Harvest: Robust MPC Supervising Smart Greenhouse System. In
Proceedings of the 2025 25th International Conference on Process Control,
IEEE, pp. 1-6, 2025 (corresponding author).

— E. Pavlovicova — J. Holaza — L. Galc¢ikova — J. Oravec: Introducing Implicit
Tube Model Predictive Control to MPT+: Efficient Design for Large-Scale
Systems. In American Control Conference 2025 (ACC25), Denver, Colorado,
USA, pp. 33-38, 2025 (corresponding author).
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— J. Holaza — K. Kvasnicova — E. Pavlovicéova — J. Oravec: Tube MPC
Extension of MPT: Experimental Analysis. In Proceedings of the 2023 24th
International Conference on Process Control, IEEE, Slovak University of
Technology in Bratislava, Radlinského 9, 81237, Bratislava, Slovakia, pp.
120-125, 2023 (presented by author, corresponding author).

¢ Real-time tunability of implicit tube MPC. A novel tunable implicit tube
MPC framework was developed to adjust closed-loop performance through penalty
tuning without a complete redesign of the tube ingredients, see Chapter 5. The
formulation uses fixed tube-design parameters to preserve recursive feasibility and
robust stability guarantees over the admissible tuning range. Relaxed first-step
constraints reduce the conservatism of the initial prediction step without changing
the remaining tightened constraints. The reactor-separator benchmark confirmed
that the tunable formulation avoids repeated tube-parameter redesign while
maintaining closed-loop performance close to the corresponding conventional
non-tunable implicit tube MPC designs. This contribution supports the goal of
real-time tunability in implicit tube MPC and was recently published in:

— E. Plsic¢ik Pavlovicova — L. Galcéikova — J. Holaza — J. Oravec: Real-Time
Tunable Rigid Tube MPC Using Implicit Formulation. Journal of Process
Control, vol. 163, article 103750, 2026.

(corresponding author, WoS: Q2, IF: 3.9)

e Open-source software-supported implementation of tube-based con-
trollers. Rigid, elastic, and implicit tube MPC methods were implemented in
the MPT+ toolbox for MATLAB, providing controller design, closed-loop perfor-
mance analysis, visualization, and implementation support. The implementation
automates several geometric and optimization steps of the tube construction
and makes the resulting MPC controllers available for analysis, comparison, and
deployment. This contribution supports the goal of software-assisted tube-based
controller design by translating the theoretical constructions into executable and
reusable open-source controller-design tools.

The MPT+ toolbox described in Chapters 3 and 4 of this thesis is freely available
on GitHub:
— https://github.com/holaza/mptplus/wiki

The software-related peer-reviewed results were published in:

— J. Holaza — E. PIsi¢ik Pavlovic¢ova — S. Serhiienko — J. Oravec: End-to-End
Flastic Tube MPC: Design, Analysis, and Embedded Implementation. In
IFAC World Congress 2026, Busan, South Korea (corresponding author,
accepted).
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— E. Pavlovicova - J. Holaza — L. Gal¢ikova — J. Oravec: Introducing Implicit
Tube Model Predictive Control to MPT+: Efficient Design for Large-Scale
Systems. In American Control Conference 2025 (ACC25), Denver, Colorado,
USA, pp. 33-38, 2025 (corresponding author).

— J. Holaza — K. Kvasnicova — E. Pavlovi¢ova — J. Oravec: Tube MPC
Extension of MPT: Experimental Analysis. In Proceedings of the 2023 24th
International Conference on Process Control, IEEE, Slovak University of
Technology in Bratislava, Radlinského 9, 81237, Bratislava, Slovakia, pp.
120-125, 2023 (presented by author, corresponding author).



APPENDIX A

Resumé

Tato dizertacna praca sa zaobera bezpeénym a laditelnym prediktivnym riadenim
(angl. Model Predictive Control, MPC) ohranic¢enych systémov, ktoré si ovplyvnené
neurcitostami, nesiiladom medzi predikénym modelom a redlnym riadenym procesom
a implementaénymi obmedzeniami. V priemyselnych a laboratérnych aplikaciach
reguldtor Casto pracuje v blizkosti fyzikalnych, bezpecnostnych alebo ekonomickych
limitov. Je nevyhnutné zohladnit, ze akéné ¢leny maju obmedzeny rozsah, stavové
veli¢iny musia zostat v pripustnej oblasti a prevadzkové podmienky sa mdzu menit
v case. Prediktivne riadenie je vhodné na rieSenie takychto tuloh, pretoze umoznuje
zahrnit dynamiku systému, vstupné a stavové ohranicenia a pozadované kritéria kvality
riadenia priamo do optimaliza¢nej tlohy navrhu regulétora.

Schopnost MPC pracovat s ohrani¢eniami je zaroven spojend s vypoctovou naroc¢nostou.
Zlozitost optimalizacnej tlohy rastie s poc¢tom stavov, vstupov, ohranic¢eni a predikénych
krokov. Tento problém je vyrazny najméa pri robustnych formulaciach, velkorozmernych
systémoch a implementécii na platformach s obmedzenym vypoctovym vykonom alebo
paméfou. Nomindlne MPC dokaze reagovat na poruchy spdtnou vizbou, ale to
nezarucuje splnenie ohraniceni pre vsSetky pripustné realizicie portich. Robustné
MPC preto rozsiruje navrh a formuldciu regulatora tak, aby sa zachovala rekurzivna
riesitelnost, robustnd stabilita a splnenie ohraniceni aj pri pdsobeni ohranicenych
neurcitosti.

Taziskom tejto dizertacnej prace je MPC zalozené na tubdch (angl. Tube MPC,
TMPC). Zakladnou myslienkou tejto triedy metéd riadenia je predikovat nominalnu
trajektoriu a zabezpecit, aby skutocna trajektéria systému zostala v jej okoli, teda
v invariantnej mnozine oznacovanej ako tuba. Ohranicenia nominalneho systému sa
nasledne sprisnia tak, aby povodné ohranicenia procesu boli dodrzané pre vsetky
pripustné realizacie poruchy. Bezpecnost je v ramci tejto dizertacnej prace chapana
ako splnenie ohraniceni, a zabezpecenie rekurzivnej riesitelnosti a robustnej stability
uzavretého regulacného obvodu. Laditelnost znamend moznost prisposobit spravanie
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regulatora po jeho zaciatocnej syntéze, teda pocas riadenia v redlnom cCase, bez potreby
opakovat cely postup ndvrhu reguldtora so zmenenymi parametrami.

Prva mnozina dosiahnutych vysledkov sa zameriava na implementaciu a validaciu
robustného MPC zaloZeného na tubéch v rigidnej, elastickej a implicitnej formulacii.
Rigidné MPC zalozené na tubédch bolo navrhnuté a experimentalne overené na lab-
oratérnom vymenniku tepla. Namerané vysledky kvantifikovali, ako sprisniovanie
ohranic¢eniach a uvazovanie ohranic¢enych porich ovplyviuji uzavrety regulaény obvod
a spotrebu ohrevného média. Zaroven sa ukazalo, Zze maximalne pregulovanie, Cas
ustélenia, spotreba ohrevného média a energetickd naroc¢nost riadenia predstavuji
uzko previazané rozhodnutia pri ladeni regulatora.

Elasticka formuldcia MPC zalozeného na tubédch bola pouzitd na znizenie konzer-
vativnosti rigidného prierezu tuby. Na rozdiel od rigidnej tuby umoznuje, aby sa
geometria tuby menila v kazdom kroku riadenia aj v ramci predikéného horizontu.
Tato vlastnost bola overena na vstavanej platforme vymennika tepla. Navrhnuty reg-
ulator dodrzal ohranicenia akénych zasahov a po doc¢asnom vypadku akéného zasahu
sa vratil k riadeniu bez potreby nového navrhu alebo dodatoc¢ného ladenia. Namerané
vysledky potvrdzuju, Ze flexibilnejsia reprezentacia tuby moze znizit konzervativnost
robustného riadenia a zaroven zachovat pozadované bezpecnostné vlastnosti.

Dalsia ¢ast tejto prace analyzuje implicitné MPC zalozené na tubach ako skalovatelni
alternativu ku klasickej konstrukeii zaloZenej na mnozinovych operéaciach. Vypocet
robustne invariantnych mnozin, Pontryaginovych rozdielov a terminalnych mnozin
mobze byt pri systémoch s viac¢sim poctom stavov a ohranic¢eni numericky naroc¢né
alebo neuskutocnitelné. Implicitnd formuléacia sa tymto ndroénym mnozinovym opera-
ciam vyhyba tak, Ze tubu reprezentuje nepriamo pomocou pomocnych premennych
a ohraniceni zalozenych na podpornych funkcidch. Tato metéda riadenia bola vali-
dovana na pripadovej studii systému reaktor—separator, kde sa implicitna formulacia
uspesne implementovala a analyzovala, zatial ¢o zodpovedajuci rigidny MPC reguldtor
zalozeny na tubach nebolo mozné skonstruovat pre zlozitost riadeného systému.

Implicitné MPC zalozené na tubéach bolo experimentalne overené aj na riadeni in-
teligentného sklenika VESNA. Tato pripadova stidia ukazala pouzitelnost navrhnutého
regulatora pri realnych implementac¢nych vplyvoch, akymi s Sum merani, limitované
akéné Cleny, siefova komunikécia, poruchy z externého prostredia a previazana dy-
namika riadenych veli¢in. Ulohou navrhnutého regulétora bolo zabezpecit sledovanie
ziadanej hodnoty aj v pripade, ked zasah do jednej riadenej velic¢iny ovplyviiuje druhu
riadent veli¢inu. Téato vzajomnd previazanost riadenych veli¢in neumoznuje efektivne
vyuzitie jednoduchsich samostatnych regulatorov, akym je napriklad PID regulator.
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Experimentalne vysledky podporuji vyhody implementacie implicitného MPC za-
lozeného na tubéach pre komplexnejsie systémy, pri ktorych je potrebné spojit robustné
ohranicenia s praktickou implementaciou.

Robustna implicitnd formuldcia bola rozsirend aj na lohy s priemyselnym aplika¢nym
ramcom a na problémy riadenia sposobené nesiiladom predikéného modelu s riadenym
procesom. V pripadovej studii hybridnej rektifikacnej kolony s integrovanym ohrevom
bolo pouzité implicitné MPC zalozené na tubach bez trvalej regulacnej odchylky.
Model bol rozsireny o poruchové stavy, aby reguldtor dokazal kompenzovat zmenu
vlastnosti zariadenia spésobenti zanasanim teplovymennych ploch. Pri sledovani tlaku
v kondenzatore navrhnuté robustné ladenie znizilo hodnotu RMSE pribliZzne o 35.4 %
v porovnani s referenénym PID regulidtorom v uvazovanych riadiacich scenaroch. Pri
sledovani teploty vo vari¢i konzervativne robustné ladenie navyse odstranilo preregulo-
vanie pre vSetky uvazované urovne zanasania. Dosiahnuté vysledky ukazali, ze robustné
ladenie mozno volitf podla prevadzkovej priority, napriklad podla poziadavky na kratsi
Cas ustalenia, plynulejsie akéné zdsahy alebo nizsiu spotrebu ohrevného média.

Suicastou priemyselne orientovanej stidie bola aj systémova analyza energetickych
a environmentalnych ukazovatelov. Pouzitie implicitného MPC zaloZeného na tubéach
bez trvalej regulacnej odchylky umoznilo znizit naklady na spotrebu paliva a sivisiace
emisie oxidu uhli¢itého. Tento vysledok prace potvrdzuje, ze robustné prediktivne
riadenie moéze podporovat nielen bezpecéni prevadzku pri neurcitostiach a zanasani,
ale aj energeticky tspornejsie rozhodovanie. V kontexte procesného priemyslu je to
dolezité, pretoze kvalita regulacie, spotreba energie a dodrzanie ohraniceni si navzéjom
tuzko previazané.

Dalsim vyznamnym vystupom robustnych pripadovych $tidif je aj softvérova imple-
mentacia uvazovanych pokrocilych metéd riadenia. Rigidné, elastické a implicitné
formulacie MPC zalozeného na tubach boli integrované do volne pristupného soft-
vérového nastroja MPT+. Implementacia pokryva konstrukciu regulatora, simulaciu
uzavretého regulac¢ného obvodu, vizualiziciu a pripravu na praktické nasadenie na
vnorenych platformach. Tym sa znizuje mnoZstvo manudlnej prace potrebnej pri
prechode od teoretického navrhu k regulatoru, ktory mozno analyzovat v simulacii
alebo overit experimentalne. Softvérova podpora zaroven vytvara opakovatelny postup
navrhu, porovnavania a implementacie MPC regulatorov zalozenych na tubach.

Dalsia skupina dosiahnutych vysledkov sa venuje laditelnému implicitnému MPC
zalozenému na tubach. Cielom bolo umoznit v redlnom case menit vihové matice
v ucelovej funkcii bez potreby opakovane prepocitavat parametre navrhu tuby pri
kazdej zmene ladenia. Zmena vdhovych matic moze pri robustnom MPC ovplyvnit
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spatnovédzbové zosilnenie, sprisnené ohranicenia, termindlne podmienky aj samotni
tubu. Preto boli uvazované fixné parametre navrhu tuby, ktoré zachovavaju rekurzivnu
rieSitelnost a robustnu stabilitu pre cely pripustny interval ladenia.

V navrhnutej laditelnej formulacii TMPC boli pouzité aj uvolnené ohranicenia v prvom
predikénom kroku. Ich tlohou je znizit konzervativnost zaciato¢ného kroku, rozsirit
mnozinu pripustnych pociatoénych stavov vtedy, ked je to umoznené, ako aj zlepsit
hodnotu kritéria kvality bez zmeny sprisnenych ohraniceni pre dalSie predikéné kroky.
Na priklade riadenia systému reaktor—separator zostala strata kvality riadenia v testo-
vanom intervale ladenia zanedbatelnd v porovnani so zodpovedajicimi neladitelnymi
implicitnymi MPC reguldtormi zalozenymi na tubach. Zaroven sa odstranila potreba
opakovane prepocitavat pomocné parametre Ng, o a vektor sprisnenia ohraniceni.
Navrhnutéd formulédcia tak umoziuje menit spravanie uzavretého regulacného obvodu
v redlnom c¢ase, pricom zachovava pozadované teoretické garancie.

Hlavné prinosy dizertacnej prace mozno zhrntat do troch oblasti. Prvym prinosom je
implementécia, analyza a validacia bezpeénych robustnych MPC stratégii zalozenych
na tubach pre systémy s ohrani¢enymi poruchami a nesiladom medzi predikénym
modelom a riadenym procesom. Validacia zahfnala laboratérny vymennik tepla,
vnoreni platformu, velkorozmerny systém reaktor—separator, inteligentny sklenik
VESNA a priemyselne motivovanu studiu hybridnej rektifikacnej kolény. Druhym
prinosom préace je formulacia laditeIného implicitného MPC zalozeného na tubéach, ktord
umoznuje menit penalizac¢né faktory v redlnom case bez kompletného prepracovania
navrhu tuby a bez straty rekurzivnej riesitelnosti a robustnej stability v pripustnom
rozsahu ladenia. Tretim prinosom je volne dostupné softvérova implementacia tychto
robustnych prediktivnych regulatorov pre neurcité systémy v prostredi MPT+, ktora
podporuje navrh, ladenie, analyzu, simulaciu, vizualiziciu a pripravu experimentélnej
implementécie. Prinosy tejto dizertacnej prace tak spolocne predstavuju komplexni
metodiku navrhu bezpecného a laditelného prediktivne riadenie pre neurcité systémy,
¢im sa prepajaju teoretické garancie bezpecnosti s poziadavkami praktickej flexibility
a implementovatelnosti.
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