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Dynamic optimisation

Find u(¢) and/or p so that a cost function Jy is minimal:

Ly
min Jy = Go(x(t¢), P, t¢) +/ Fo(x,u,p,t)dt
uap tO
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Dynamic optimisation

Find u(¢) and/or p so that a cost function Jy is minimal:

Ly
min Jy = Go(X(tf),p,tf) + / Fo(x,u,p,t)dt
u,p tO
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Dynamic optimisation

Find u(¢) and/or p so that a cost function Jy is minimal:

t
min Jy = Golx(t).pity) + [ Fox.upot)de
, to
subject to: x = f(x,u,p, 1)
x(0) = xo(p)
J;=01¢€ {1..m6}
J; > 01 € {me + 1..m}
X7, <X < Xy
ur, <u<uy
PL <P =< PpPU
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Canonical form

Constraints J; (1 < i < m) can be expressed like
performance index Jg:

ty
Ji = Gi(x(ts),p,tr) +/ Fi(x,u,p,t)dt 1 <i<m
0

[1 Same form for all J; (0 < i < m)
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Control parametrisation

#® Time discretisation:
N Intervals of length At; (1 < j < N)
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Control parametrisation

#® Time discretisation:
N Intervals of length At; (1 < j < N)

# Control Vector Parametrization (piece-wise constant):
U_(t) =u; tj1 <t
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Control parametrisation

# Time discretisation:
N Intervals of length At; (1 < j < N)

# Control Vector Parametrization (piece-wise constant):
u(t) =u; tj1 <t

— new set of optimised variables:
yl = (Aty,...,Atp,ul ... ,ug,pT)
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Control parametrisation

# Time discretisation:
N Intervals of length At; (1 < j < N)

# Control Vector Parametrization (piece-wise constant):
u(t) =u; tj1 <t

— new set of optimised variables:
T _ T T T
y' = (Aty,...,Atp,uj,...,up,p’)
Model is included in augmented cost/constraints functions:

tp
JZ-:GZ-Jr/ (F+AT(0) - (F-%)) dt0<i<m

to
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Control parametrisation

# Time discretisation:
N Intervals of length At; (1 < j < N)

# Control Vector Parametrization (piece-wise constant):
u(t) =u; tj1 <t

— new set of optimised variables:
T _ T T T
y' = (Aty,...,Atp,uj,...,up,p’)
Model is included in augmented cost/constraints functions:

tp
JZ-:GZ-Jr/ (F+AT(0) - (F-%)) dt0<i<m

to

(0 Hamiltonian H; = —F; + A} -f0<i<m
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Resulting problem

Leading to a non-linear programming optimisation problem

min Jy(y)
y

subject to:

Z(y) 0 1€ {1..m€}
Jiy) >0 i€ {me+1.m}

[1 SQP solver (NLPQL, SLSQP)
O gradients of Jy and J; with respect to y must be known

# finite differences
# user-supplied functions (hand-made, ADIFOR,...)
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Gradients computation

Variations of augmented performance index and
constraints:

P—1 8G
0J; = [Hi(tp) ] Stp + [ tj) + = f] O+
j=1 J
P £ t
oG i OH; 00X P oH
Ldt| dus + I (ED 2= 4 Zdt]é
;_EMT /t+1auT | [ () A A

=
VAN
VAN
2
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Gradients computation

Variations of augmented performance index and
constraints:

- . 0G;
0J; = [H@(tp> + ot

P—1 3G'
] Otp + Z [Hz-(tj) - Hi(t;r) + - ?] ot j+
j=1 J

P T - ] !

0G,; i OH, 0X( P OH;
E + dt| du; + [N (1) —= +

ou’ t ou’ ’ [ (s )apT ty OP

dt] op

j=1 L

/N

0<i<m)
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Gradients computation

Variations of augmented performance index and
constraints:

P-1
0G;
] otp + [ t;L) +

0J; = [H@(tp) 5’15] 0t j+
J

j=1

Y [ aq, i OH,
>

N 0xg tr OH, ] 5
ou' S ou’

£ dus + [AT ) — +
J (0)6pT ' ap

(0<i<m)
[ Terms in red are gradients with respectto ¢p, t;, p and u;
(used by NLP solver)

[1 Gradients with respect to x are nullified by a proper choice

of A (optimality condition)
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Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F;;
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Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F;;

# Computation of \;(¢).
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Adjoint system

We choose )\ so that:

- T 0HZ
A (1) = —
R~

with terminal conditions for each time interval:

0G;
ox!

X () = N )+ ()

A (tp) (tp)

[1 Backward integration of adjoint system
[ Need to know states x:. x are stored at discrete time
units when computed and interpolated during backward

iIntegration
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Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F; ...
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Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F; ...

® Backward integration of \; = —gH]& computation of

X

t; OH; t; OH;
le Py dt and ftjl oo dt

Recent Developments in the Dynamic Optimisation Package DYNO — p.9/17



Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F; ...

® Backward integration of \; = —gHjﬁ computation of

X

t; OH; t; OH;
ft ) dt and ftj+1 oo dt
» Computation of other gradients — gradients of all J;
(0 <i<m)

Recent Developments in the Dynamic Optimisation Package DYNO — p.9/17



Gradients computation (2)

# Forward integration of x = f(x, u, p,t) and computation
of integrand terms F; ...

OH;

® Backward integration of \; = e computation of
X
t; OH; t; OH;
le Py dt and le o dt
o Computation of other gradients — gradients of all J;

(0 <i<m)

[1 All gradients and values are sent back to NLP solver
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Overview of seguence

Main program

problem 4 o
dimensions
& initial values
of p&foru
NLP solver Cradiont
computation
A A
\
System & F; Adjoint, Jy i, Jpi
integration backward
integration
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Example

with:
T(t) = u(t)
z(0) =1
Ji=x(1)=0.5

User’s choise: N=10 time intervals
Dyno’s formulation:

Go =0, Fy = 2° + u?

G1 = x(tlo) — 0.5, F1 =0and Gy = aj(tﬁ) — 0.8, F1 =0
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Example (2)

x1(t), u(t)
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Figure 1: Results for test problem: state and optimal
control variable
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Example (2)
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Figure 1. Comparison of optimal trajectories for N =
10 and piece-wise linear control & N = 2
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Matlab integration

Main program

Y

NLP solver

- Problem dependent

Y

Gradient

computation

System & Fj
integration

A

Adjoint, Jy, 4, Jpi
backward

integration
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Matlab integration

- Problem dependent

Main program

Y

NLP solver Cradient
computation
I I
v
System & F; Adjoint, Jy;, Jpi
integration backward
integration

New problem — compile new code
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Matlab integration

- Problem dependent

Main program

Dyno Core
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Matlab integration

- Problem dependent

Main program

Dyno Core

Dyno Core — F77 program — MATLAB toolbox (MEX file)
Problem definition — MATLAB functions (. m)
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Matlab integration: why?

# Ease of use: no core modification when changes in
o Model
» Cost and constraints
s Number of time intervals

# Code distribution
» No need for a Fortran compiler
» Dyno core source code can be hidden

# Code optimization
» Dynamic allocation of vectors and matrices

® Performance

[1 Suitable for educational and industrial use
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Main drawbacks

# System dependant (works on GNU/Linux with certain
g77 /gcc IMATLAB versions)

# Roundoff problems
® ADIFOR not usable — no automatic differentiation
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Further developments of DYNO

#® Use of symbolic computation for derivatives (MATLAB
symbolic toolbox?)

#» Global optimization
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Advertisement &

Where to get DYNO?
http://wwwkirp. chtf. stuba. sk/~fi kar/dyno

Contacts:
mrosl av. f1 kar @t uba. sk
latifi@nsic.inpl- nancy. fr
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http://www.kirp.chtf.stuba.sk/~fikar/dyno
miroslav.fikar@stuba.sk
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